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Abstract  The optical methods of metrology are widely used in science and engineering to measure a wide range of 

parameters (such as deformations) that are related to the optical phase informat ion coded in the intensity images. Two of 

mostly used techniques, namely a phase shifting algorithm (PS) and a wavelet transform algorithm (WT), are applied in 

order to estimate optical phase information, after an initial set of fringe patterns acquirement using the fringe pattern 

technique. In this paper, the 2D wavelet approach used to the phase retrieval problem for surface shape and object’s defect 

measurement is presented and comparatively  evaluated. Aim of th is paper is the in-depth investigation of the advantages of 

the 2D wavelet approach and the gain of a better insight on its use in the industrial context. Extensive work has been 

conducted for investigating the influence of several factors (such as the noises, the surface variation, the modulation rate, 

etc.) on the performance of the wavelet phase retrieval technique, while a detailed analysis of the obtained results is also 

given. 
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1. Introduction  

The phase retrieval in optical metrology is very important 

process for many industrial app licat ions[1]. Many phase 

retrieval algorithms have been conceived which differ in the 

adopted approach such as Fourier t ransform method[2], 

phase sh ift ing [3], d irect phas e detect ion  and  wavelet 

transform method[4]. It is well known  in  the dig ital signal 

processing  theory  that  the wavelet  t ransform and  t ime- 

frequency analysis techniques are more suitable to analyze 

non-stationary signals than stationary ones[5]. One of the 

time-frequency  analysis  techn iques that  have been used 

successfully in fringe pattern demodulation is the wavelet 

transform. This techn ique has been  dilated  to explo it  its 

suitability for fringe pattern demodulation. Two-d imensional 

continuous wavelet transform (2D-CWT) techniques have 

been used successfully to demodulate fringe patterns and 

ret rieve  the phase even  when the record ing process is 

accompanied by the presence of noise[6]. In  this paper we 

propose the use of the 2D-CWT algorithm to demodulate 

fringe patterns and the study  o f some env ironmental  
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parameters effects on the accuracy of results. In the 

following section, the fringe pattern technique is introduced. 

The background theory of the 2D-CWT fringe pattern 

demodulation algorithm is discussed in section 3. 

Computer-generated and real fringe patterns are used to test 

and discuss the effects of previously mentioned parameters 

on the phase retrieval algorithm reliability, and we conclude 

in sections 4 and 5 respectively. 

2. Fringe Projection Technique 

The fringe projection is an optical metro logy technique 

that offers a topographic description of an illuminated 

surface (the object of test). 

This technique is based on the projection of a rectilinear 

fringes network from a video pro jector on  the studied surface 

(or the object) which its distortions appear as a modification 

of the fringes orientation in the x & y axis[7]. This 

modification results from a variation of the phase 

distribution that is directly related to the object distortions: 

     y,xz.tan
p

2
y,x 


        (1) 

Where   is the phase, p is the interfringe, z is the 

distortion of interest and θ is the angle the CCD camera and 

the video projector. 
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Therefore, to determine the z distortion we should retrieve 

first the phase distribution that codes the projected fringe 

pattern. There are many algorithm that can be used to 

demodulate fringe patterns, such as Fourier transform based 

algorithm, phase stepping, digital phase locked loop, d irect 

phase detection and wavelet transform based method[8]. 

 

Figure 1.  Fringe projection principle 

3. Wavelet Fringe Pattern Analysis 
Problem 

Generally the intensity of a  fringe pattern can be expressed 

as follows: 

     y,xmycosV1Iy,xI 0      (2) 

Where 0I , V and m are the average intensity, the fringe 

visibility and the modulation rate respectively.  

 yx,  is the phase of fringe pattern and x&y are the 

simple indices for the x and y axis respectively. 

A fringe pattern tends to resemble to non-stationary 

signals. This motivates researchers to investigate wavelet 

transform as a time-frequency technique for fringe pattern 

demodulation problem. The wavelet transform can detect the 

local characteristics of signals and obtain a time–frequency 

description of it[9]. 

A wavelet is an oscillat ing function with a compact width 

and a zero mean. A family of 2D analyzing wavelets are 

generated by translating the mother wavelet v ia the location 

parameter 

∈

2R , dilating it with the scale parameter s>0 

and rotating it by the angle . It  can be expressed as[10]: 













 
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R  designates the rotation matrix by the angle α 
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
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




cossin

sincos
R             (4) 

The complex Morlet wavelet that will be used in this work 

is essentially a p lane wave within a Gaussian window and is 

given by  

     2 2
0

1
, exp cos sin exp

2
x y x y x yik  

 
    

 
(5) 

With  is the rotation angle. The Fourier transform of this 

wavelet is 

      0 0

2 21
ˆ , exp cos sin

2
s r r k s k  

 
     

 
 (6) 

 

Figure 2.  2D Morlet  wavelet, (a) Real part, (b) Imaginary part 

The 2D-CWT of a two-d imensional signal f  is given  

by: 

   2

1
, ,f R

x
W s f x R dx

s s

 
     

  
 



  
 (7) 

Where   2,0,0s,R2 


 

In 2D-CWT, the fringe pattern  yxf ,  is projected onto 

the wavelets , ,s  
 

 basis and the resulted wavelet 

Camera Video projector 
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coefficients   ,,sW f


 reach their maximal value when 

the two dimensional analyzing wavelet and the fringe pattern 

are locally more similar and their frequencies are very close.  

To demodulate a fringe pattern, its wavelet transform is 

first calculated. Then, the ridge of the wavelet coefficients 

array  s,W  for each p ixel in the fringe pattern with the 

coordinates 


 is detected and its corresponding coefficient 

argument will be taken as the pixel’s phase: 

) | ), W(s,max(||= ),,W(s=|)ridge( mm 


     (8) 
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          (9) 

Where 
ms  and 

m  are the scale and rotation angle 

corresponding to ridge value. 

4. Results and Discussions 

In the numerical simulat ion, a computer generated phase 

that is shown in Fig.3-a and is described by the following 

equation is generated. 

 

    2 2

,

exp 0.00006 256 256

x y

x y



      
 

  (10) 

The resultant modulated fringe pattern by the phase 

distribution is shown in Fig.3-b and given by the equation  

    y,xmycos5.01y,xI        (11) 

With the modulation rate m is set to 0.6 rad ian/pixel. 

 

 

Figure 3.  (a) A computer-generated object, (b) its corresponding fringe 

pattern 

We suppose that the acquisition of the fringe pattern is 

made by a CCD camera with resolution 512 x 512 and the 

pixel dimension equals to 7.4 x 7.4 m. 

There are d ifferent noise types in real world. 

Multiplicative noise is common beside additive noise. 

Multiplicative noise, that is naturally dependent on the image 

data, is multiplied by (not added to) the orig inal image. In 

this study, the multiplicative noise that will be used is the 

known as speckle noise. 

To analyze  the noise immunity of the wavelet analysis 

algorithm, we apply  it  to several examples of the previous 

fringe pattern with both additive and mult iplicative 

increasing Gaussian noise levels.  

The fig.4-a presents, in the case of additive noise, the plots 

of RMS (Root mean square) errors of the estimated phase 

distributions with the noise variance for the both frequency 

and phase based algorithms. The Fig.4-b presents the 

obtained RMSE results in the mult iplicative noise case. 

The analysis of these results shows clearly that the phase 

based wavelet analysis algorithm g ives the best values of the 

phase distribution with less error values. This is certain ly due 

to the fact that the phase distribution is slowly variable and it 

presents small spatial frequencies values that are very 

affected by noise and especially in the presence of 

multip licat ive one. 

Another issue that affects the performance of the fringe 

pattern demodulation algorithm is the h igh spatial 

frequencies variance of the surface object. Fig.5 shows the 

RMS error values of the obtained phase with the object 

spatial frequency increment β. With increasing values of β, 

as shown in Fig.5, the RMSE values of the estimated phase 

increase for both of algorithms. It can be seen that RMSE 

goes on reducing as the object surface is slowly variant and 

while β value keeps under 60 where can be observed that the 

algorithms lead to an accurate phase computation. 

Notice that in this part, we fix the modulation rate with 

varying the maximal spatial frequency that the phase 

distribution contains. The results analysis confirms the 

theoretical claim that for s mall values of the maximal s patial 

frequency that are less than the modulation rate m the 

wavelet phase retrieval method exhib its a higher precision, 

whereas for the higher values of the maximal spatial 

frequencies than m the method couldn’t estimate accurately 

the phase map.  

Fig.6 shows effect of the variation of carrier frequency[11] 

(i.e  modulat ion rate) on the accuracy of the estimated phase 

map. In Fig.6, which is the case where the maximum spatial 

frequency containing in the phase distribution is 1.6 

rad/pixel, the RMSE is considerably high when the 

modulation rate is less than the maximum h igh frequency. 

When the modulation rate is higher than 1.6 rad/pixel, the 

obtained RMS error is constant as can be seen from Fig.6 and 

has an average of 0.1 rad. The phase recovery will remain 

accurate if a  spatial carrier is added so as to remove the 

deformation sign ambiguity, and at the same t ime, to reduce 

the noise effect. 
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(a) 

 

(b) 

Figure 4.  RMS Errors versus noise variance. (a) additive noise, (b) multiplicative noise 
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Figure 5.  RMS Error versus maximal spatial variation 

 

Figure 6.  RMS Error versus modulation rate 

In the experimental work, a main part of a doll body was 

used as test object to measure its height profile (Fig.7). To 

obtain the height variation of reference plane and the carrier 

frequency of the projected fringes in the image plane, the 

CCD camera  was focused to the center of the projected 

fringe pattern and then reference image was stored to 

camera’s memory as RGB image. After this, the main part of 

the doll’s body was put on the reference plane and object 
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image stored into the camera as shown in Fig.8. These stored 

two images later downloaded to computer for analysis. 

 

Figure 7.  The fringe projection setup 

The fringe project ion system sensitivity increases with the 

projection angle; however, a large angle between the 

projection and viewing directions may produce an unwanted 

shadow on the object. Th is shadow will lead  to areas with 

missing data where the object cannot be contoured. To 

overcome this problem and provide the best results, an angle 

no larger than the largest slope on the surface should be 

chosen, and also by using an appropriate phase unwrapping 

algorithm that can identify the low quality shadow areas in 

the wrapped phase map and produce an almost optimal result 

for them. The use of mult iple  projectors in fringe p rojection 

profilometry has also been reported very useful to solve 

some problems like the accurate 3D estimation in presence 

of local shadows[12]. 

 

Figure 8.  Projected sinusoidal fringes on main part of the doll 

The procedure outlined above was used to extract the 

phase from the real image that is shown in Fig.8. The 2D 

continuous wavelet transform of reference image and object 

image were first calculated in the Matlab environment. The 

wrapped phase of the reference fringe image and object 

fringe image were calculated from their complex values and 

an appropriate unwrapping procedure was used to correct 

discontinuities in the wrapped phases. Finally phase 

distribution of object  is calculated by subtracting the carrier 

using the reference phase and the height distribution of the 

object that was calculated using experimental parameters is 

shown in Fig.9. 

 

Figure 9.  3D height profile of main part of the doll 

5. Conclusions 

This paper has studied the wavelet phase retrieval 

technique and has evaluated and compared its capabilit ies in 

terms of demodulating projected fringe patterns. 

Two-dimensional continuous wavelet transform has been 

used to retrieve the phase distribution of a fringe pattern. We 

conclude that the wavelet phase based algorithm should be 

used when the signal to noise ratio of fringe pattern is high 

and also when the rapid variations (i.e high spatial 

frequencies) present. We has also seen that the accuracy of 

the estimated phase is satisfactory for the cases where the 

signal to noise ratio of the projected fringe pattern is low, 

even without fringe pattern filtering. The detailed 

investigation of the technique presented here has revealed 

that the Morlet wavelet, in conjunction with the high 

frequency carrier (i.e h igh modulat ion rate) performs better 

in terms of noise immunity and accuracy in demodulating 

fringe patterns. In conclusion, both simulation and physical 

experiments show that the directional wavelet  based fringe 

analysis algorithm is able to provide surface height 

measurements with  a better reliab ility using one single  fringe 

pattern that can easily be recorded by the detection system. 

As a future work, we tend to investigate more d irect ional 

transforms for fringe pattern processing and metrological 

problems solutions. 
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