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Abstract We build a model of cooperative economic network to study the relations among three types of agents:
companies, universities, and local government or federal agents. First, we study the pairwise stability and efficiency of the
network without restricting the research capacity of member universities. Under these circumstances, a network including
only the "best" member universities ("good" in the sense of research capabilities) is pairwise stable. The number of
universities included in the network depends on the strength of return for member companies. However, as long as the
minimum effective return for government is large enough, an incomplete pairwise stable network does not necessarily have
maximum efficiency. The network exhibits "tension" between stability and efficiency. Secondly, as a natural extension, we
study a more refined model with restrictions on research capacities of member universities. Optimization methods are used to
study the resource allocation of member companies to universities in order to maximize the utility function of member
companies. We are able to show that by taking into account research capacity, "weaker" universities could be included in the
network when "stronger" universities are over their capacities and a possibly greater efficiency of the entire network could
thus be obtained.
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companies, universities, and local governments (CUG) have
1. Introduction shown its potential power in the area of advanced
manufacturing. Such network provides a platform for
collaborations between manufacturers and research
institutions and aims at delivering “production ready”
solutions to manufacturing factories. It is a game changer in
that it provides a faster and more affordable approach to
turn new finding and new ideas in the academic forefront
into cutting edge technologies that brings in business profits.
In the US, President Obama announced a proposal to create
a National Network for Manufacturing Innovation (NNMI)
consisting of up to 15 Institutes for Manufacturing
Innovation around the country. The Institutes will bring
together industry and academia, research universities and
community colleges, federal agencies and state
organizations to accelerate innovations by investing in
industrially-relevant manufacturing technologies that have
broad applications. The President’s Budget for Fiscal Year
2013 proposes a 1 billion, one-time investment to create the
new National Network for Manufacturing Innovation (See
program information at http://www.manufacturing.gov/amp
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Network  structures play an important role in
organizations having strong social or economic interactions.
Networks include the relationships among companies
regarding with whom and how they conduct their business.
The place of a company in the network affects not only its
own productivity, but also its bargaining position within the
network, which can be reflected in the structure of such
organizations. Such networks may also include the
relationships among relatives and friends with whom we
share information in our daily life. A cooperative economic
network through which relevant information is shared
among its members can be formed by a group of companies
that are of similar type or of supplementary type. Such
collaborations bear important significance on the overall
productivity of the group. In the era of global business,
more and more cooperative networks are formed among all
kind of business types.

In particular, cooperative economic networks among
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make such study because of the profound impact that the
networks have nowadays.

Regarding the network formation, there are two major
approaches: the random graph approach and the more
economic focused game theoretic approach. The random
graph approach explains how links in a network are built
either through a stochastic process where links appear
random and satisfy certain distributions, or through specific
algorithms, while the game theoretic approach aims at
analysing the equilibrium networks where links are formed
at the discretion of agents who are in control of nodes. A
key feature of the game theory approach is that the agents
derive utility functions from the network, and thus by
incorporating costs and benefits into the analysis of
networks, the question of whether a right network is formed
in the sense of maximizing the overall societal welfare
could be answered. Another key feature of the game theory
approach is that the participating agents can control the
nodes, therefore, the ultimate formation of the network
could be predicted through (various) notions of equilibrium.
This integrated equilibrium/stability analysis enables one to
analyse and understand potential conflicts that arise
between networks due to the choices of involved parties and
networks, which are optimal from a societal perspective. In
a nutshell, the "random" approach answers the question of
"how" while the "game theory" approach answers the
"why".

In this paper we investigate the network structure of
CUG mainly focusing on the game theoretical approach.
We wish to find in which situations the pair-wise stability
or efficiency of this CUG network model can be achieved.
The study of stability and efficiency of social or economic
networks via game theory methods has drawn a lot of
attentions since the pioneer work of Jackson and Wolinsky
[9], in which the tension between stability and efficiency of
a network was established. Following this work, the
subsequent[5],[6],[7] continue the study on the tension
between the member incentives and the overall network
efficiency in several contexts and under different definitions
of network efficiency.[8] extends the above results from
static case to dynamic process, that is, it places networks in
a dynamic framework and studies the pairwise stability in
this scenario. Our approach in the CUG network model is
close to[9],[5],[6],[7]. We adapt the notion of pair-wise
stability to the CUG model and discuss when the network
will be stable and how to achieve the overall efficiency of
the network. Other important literature regarding the
formation (stability) and efficiency of network structure
including Currarini and Morelli[4], Mutuswami and
Winter[11], both solve the tention between individual
member incentive and overall network efficiency under
certain conditions (compromise among members). Slikker
and van den Nouweland[12] more focus on the formation
and efficiency of cooperative network while Bala and
Goyal[1] on noncooperative network structures.

This paper is organized as follows: In the remaining part

of Section 1, we introduce the CUG model and propose our
problem of interest. In Section 2, the main results on
stability and efficiency of the CUG model is presented; In
Section 3, a detailed proof of stability and efficiency of the
CUG model using game theoretic approach is given; In
Section 4, we slighted modified the assumptions in Section
2 and 3 by incorporate the consideration that research
institutions are not unlimited in their research capacities. In
this case, some interesting results are obtained regarding
maximizing overall network utility, or specifically, the
optimal allocation of funding from business companies to
universities.

1.1. The Structure of CUG Model

In a CUG model, three types of key agents are involved:
manufacturing companies, local research universities, and
local government. Each one of these three types of key
agents plays a different role in the network formed among
them. The main source of funding comes from
manufacturing companies. Member companies pool their
R&D money together to fund projects solving problems too
big for one single company to tackle. Depending on
research specialty, equipment availability, etc..., a member
university is then selected to complete a project. The result
of a project is then shared among member companies. By
pooling resources and sharing results, member companies
could benefit from reducing the risk of wasting money on a
failed project and obtaining more advanced manufacturing
technologies. Companies can share access to cutting-edge
capabilities and some rare-use but key equipments. Member
universities on the other hand, gain experiences from the
research on project, which should help further advanced
research. Students get new skills and trainings on
state-of-the art equipments. Local government also has
strong interest in supporting this kind of research centers.
By providing tax incentives or start-up fund, the local
government is hoping that the state-of-art technology
developed in the center could ultimately help the member
companies to keep and create jobs in the US.

One interesting part of the CUG research center is that
the companies may have different level of competition and
the universities may be in different tiers. Will all the agents
in the network benefit from participating in the network?
Will the difference within the universities or companies
stabilize the network or destabilize the network? How about
efficiency? The model in this paper will take into
consideration the difference.

1.2. Goal of the Project

The main goal of this paper is to study the network of
relations within the CUG research center. We want to
present some understandings of the stability of the network,
when self-interested industries choose to form new
cooperation with a new university or to serve existing
cooperation. We also check the efficiency of the network
and address the balance of the stability and efficiency.
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1.3. Methods for Studying a Social (economic) Network

There are basically two different approaches to study a
social (economic) network: the random graph approach and
the game theory approach[6]. The former largely answers
"how" a network is formed, while the latter answers the
"why". "Hybrid" models, the so called evolutionary network,
(an example,[8]) could be also built. Although the
formation of the network is a very interesting and important
question to investigate, we here focus on the game theory
approach on the existing CUG research centers.

1.4. Preliminary Concepts

Jackson introduces the concept of "pairwise stability",
which helps to apply cooperative game theory in the
framework of social (economic) network. A social
(economic) network is pairwise stable if for any linked pair
of agents in the network, neither will have an increased
utility if either a link to one of their neighbors is severed or
a link to an agent who is not one of their neighbors is added.
This is a key point of distinguishing an equilibrium of a
strategic network game from a traditional Nash equilibrium.
It makes sense because the formation of a link in the
network needs the consent of both parties. An interesting
observation made by Jackson and Wolinsky[9] is that there
is tension between stability and efficiency, which means a
(pairwise) stable network might not generate the maximum
total utility and a network which generates the maximum
total utility might not be (pairwise) stable. This might be an
interesting point to investigate for the network model we
want to build.

2. Model and Main Results

2.1. Analysis/ideas on how to Construct the Utility
Functions

In the model to be built, agents in the network are divided
into three groups: companies, universities and government
or federal agents.

Assumption 2.1: Links are formed between a company
and a school only. No links are formed between different
companies or different schools.

This assumption might seem a little bit too simple at first,
which means University A could not take part in a project
given to University B. However, if two universities
collaborate on one project proposed by a company, the
project can be ideally divided into two parts and links are
only formed between the company and the two universities.
Thus, it makes sense not to consider links between schools.
Simplicity of this assumption might open the door for a
possible improvement of stability.

Suppose there are a total of m companies and n
universities. By Assumption 2.1, an m by n 0-1 matrix V'
could be constructed to save information on connections
between a company and a university. If company i
cooperates with university j, then the ij - th entry v;; in V

is 1. Otherwise, v;; = 0. Let V® denote the i - th row of V
which records the cooperations of universities with
company i. Let V(; denote the j - th column of ¥ which
records the cooperation of companies with university j.
Superscripts and subscripts are associated with companies
and universities respectively.

The utility function u‘(g) for company i in network G:

Utility function of a company i is determined by three
parts:

1. Funding to all connected schools;

2. Tax incentives received from the government;

3. Return from funded projects;

An m by n matrix € = (€;j)mxn stores the contribution
of member companies, where c¢;; is the contribution of
company i to fund projects done by university j. Let €®
be the i -th row of C. Then,

Cost of company i is [CD]T - V®

Let an m by 1 vector T = (t;);mx1 be the tax incentive
given by the government. Then,

Tax incentive received by company i is t;

As mentioned, member universities might belong to
different tiers. In the model, we will use an n by 1 vector
P = (pj)nx1 to reflect this fact. p; is a number between 0
and 1 representing the success rate of projects done by a
member school j. p; may also represent the cooperation
preference of the companies to school j. Depending on the
research strength of a member school, pj's should have
different values.

To model the return for company i from projects done by
school j, we have the following assumption:

Assumption 2.2: The return for company i from
successfully completed projects done by school j is
modelled by rpj, where r is a constant uniform for all
companies and all schools.

We assume that » is uniform for all companies, because
the result of a project is shared among all member
companies. Then,

Return of company i from funded projects is P - V®
ssemble all three parts together, the utility function for
company i in network G is given by

ul(g)=rP-VO + ¢ — cO . [vO]T

e The utility function u;(g) for university j in network
G:

Utility function for a school j is determined by two parts:

1. Funding received from all connected companies;

2. Costs generated from participating in activities
conducted in the center;

For school j, the funding it receives is the sum of all ¢;;'s
from all connected companies. The cost for school j could
be modeled by an n by 1 vector: D = (d;j)nx1

Let C(jy be the j -th column of C. Then, the utility
function u;(g) for university j in network G is given by

ui(g9) = [Cxpl" Vi) — d;

e The utility function u;(g) for government in network
G:
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Utility function for the government is determined by two
parts:

1. Return from funded projects;

2. Tax incentives giving to the member companies;

The return of government from successfully completed
projects could be measured by a positive constant a,
uniform for all schools and all companies. This constant,
however, should be different from the constant r, since a
should model the broader impacts to the entire society such
as newly created jobs, taxes from the companies who bring
profits back to local etc.

Let T be a 1 by m vector where any entry of Tisa

constant 1. Then, the utility function wu;(g) for
government in network G could be modeled as
m n m
w(g)=al-V-P-1-T=a vijpi—Zti
i=1j=1 i=1

which is the difference between the total return received by
the government from the funded projects and the total tax
incentives the government distributed to the member
companies.

e Value function v(g):

The efficiency function which accounts for the total
utility of this network is given by

v(g) = Z u'(g) + ) u;(g) +w(g)
i=1 j=1
= (r+a)ZZv,-jpj —Zdj
1j=1 j=1

i=1 j=
=(r+a)l1-V-P-1-D

which is the sum of the total benefits received by the
government and member companies minus the net cost for
companies to fund the projects. Note that the tax incentives
terms are cancelled out.

2.2. Main Results

Before we give our main results, we provide two
definitions on pairwise stability and efficiency of a network.
Let u;(g) denote the utility that agent i receives under
the network g, inclusive of all costs and benefits.

Definition 2.1. A network g is pairwise stable if

Forall ij € g,u;(g) = w;(g — ij) and u;(g) =
u;(g — ij), and

Forall ij ¢ g, if u;(g + ij) > u;(g), then

u;(g + ij) <u;(g).

Definition 2.2. A network g is efficient if v(g) is
maximized relative to v among all possible networks that
could be formed.

We want to investigate the following problems for the
model mentioned in the previous section:

e Which networks are pairwise stable?

e Does a pairwise stable network also have maximum
efficiency?

To obtain useful observations to these two problems, in

addition to Assumption 2.1-2.2, we assume:

Assumption 2.3. Let n;(g) denote the number of
companies that school j connects to and let n(g) denote
the number of schools that company i connects to.

 cjisaconstantc>0, forall 1<si<m,1<j<n

e di=dxnj(g)forall 1<j<n

e t' =t xn'(g) where t > 0 is a constant.

o c>t+d.

The last assumption in Assumption 2.3 is very natural,
which asserts that the contribution a member company
makes in maintaining the relation with a member school
should outweigh the tax incentives it receives from the
government and the cost for a member school to maintain a
relation with that company combined. This avoids any
arbitrage opportunity in the network.

Without loss of generality, the school can be rearranged
as its research strength. So school 1 is the strongest, while
school n is the weakest in terms of research ability.

Assumption 2.4. p; > py > - > Py

In our model, the contribution made by member
companies (measured by c), the tax incentives (measured by
t), the success rate P (measured by p;) and the cost of
member schools (measured by d) could all be
predetermined. The major factors uncontrollable in the
model are the return for member companies (measured by r)
and for the government (measured by a) from funded
projects.

With regard to the pairwise stability problem, we will
show below that a member company has the ultimate power
to determine if it wants to connect to a member school.
Therefore, the pairwise stability result depends mainly on
the strength of r. We will show that if r is large, a complete
network with each member company connecting to all
member schools is pairwise stable. As r becomes smaller
than certain thresholds determined by ¢, t and pj , however,
in order to form a pairwise stable network, the weakest
schools will be excluded from the network. A member
company maximizes its utility in a pairwise stable network
by maintaining connections with the strongest schools.

A subsequent problem to investigate is if total utility of
the entire network (efficiency) is maximized for a pairwise
stable network. We discover that if the smallest effective
return, ppa for government from the weakest member
school exceeds the cost d, then a complete network always
obtain maximum efficiency. Therefore, only if r is large
enough to support a complete pairwise stable network, an
incomplete pairwise stable network does not have the
maximum efficiency.

A natural question to ask next is how to lower the
threshold for r to obtain a complete pairwise stable network
which also has a maximum efficiency. Our result shows that
a possible way is through government regulation. The
government could encourage the member company to keep
a connection with weaker schools by increasing tax
incentives it offers.

We need the following preliminary definitions to state
our main results:
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Definition 2.3. We will use G,, to denote the network
where the relation matrix V has entries specified as

vy=1for1<i<ml1<j<n
Definition 2.4. We will use G, (1<h<n-1) to

denote the network where the relation matrix V have entries
specified as

vi]'=1 for ISiSm,ISjSh
v;j=0for 1<i<m h+1<j<n

Definition 2.5. We will use G, to denote the network
where the relation matrix V have entries specified as

vj=0for1<i<m, 1<j<n

Thus we have the following main results based on the
game theoretical approach:

Theorem 2.4. (Pairwise stability)

1. If r>(c—1t)/pn, then network G, is pairwise

stable.
2. 1If <r<=for2<h<n,
Ph-1 Ph

then network Gj_, is pairwise stable.

3. If r<(c—1t)/p1, then network G, is pairwise
stable.

Theorem 2.5. (Efficiency)

1. If G, (0 < h < n) is pairwise stable, then severing a
link from G, always results in a smaller efficiency of the
entire network.

2. If a > d/p,, then the complete network G, has the
maximum efficiency among all networks that could be
possibly formed.

Remark 1. A direct implication of this result is that a
pairwise stable network does not have maximum efficiency
unless it is a complete one. This is in line with the
phenomenon of "tension between stability and efficiency"
often observed on a social network. In Section 4, we gives a
detailed analysis of such “tension” phenomenon under a
further assumption that the capacity for a university’s
research resource is not unlimited. This is a natural
assumption. It implies a university cannot accept unlimited
projects from member companies in the network because
this will drastically reduce the university’s performance on
each project.

There are essentially two ways to reduce the lower bound
in Theorem 2.5: decreasing d or increasing p,,. The first
criterion requires that the cost for member schools to
participate is not too big, while the second criterion
demands a higher success rate from all member schools. If
either of these two criterion is applicable, then it is more
likely that the maximum efficiency is obtained when a
complete network is formed.

c—t c

3. Proof of Main Results

3.1. Proof of Theorem 2.4

First of all, we claim that the member companies have to
carefully determine whether a link shall be added or served
in the network in order to maximize their utility functions

but the member universities always want to serve more
links with companies.

Under Assumption 2.3, the utility function of school j is
u;(g) =n;(g) - (c — d). Since ¢ —d > 0, (this is because
c>t+d>d by last bullet of Assumption 2.3), a school always
want to build relations to increasing its utility with as many
companies as possible. On the other hand, the utility of a
company does not always increase if new relations to a
school are added. A company will benefit from connecting
to more member schools only if the return r is large enough.
This could be seen by analyzing the utility function of a
company:

1. If company i has a relation with each school, then

u'(g,) = <Zn

p]-)-r+n(t—c)
j=1
2. Suppose school k is not connected with company i. But

all the other schools are connected with company i. Then,

u'(gp-1) = (Z;;L#k p,-) ‘r+m—-1)(t -0

There could be a total of n different utilities for a
company if it is connected with n-1 schools. In this
circumstance, the maximum utility for a company is
obtained if the unconnected school is the weakest school,
school n (recalling that pq > py > - > py):

n-1
Umax(Gn-1) = (Z . p,-) T+ Mm-1)(-c)
]:
3. Similarly, let Ul,q,(gn_t) be the maximum utility for
a company if it is connected to n-k schools. Then, in
general,

n—-k
uinax(gn—k) = (Z P;) T+ (n - 1)(t - C)

j=1
for 0 <k <n.

Let's prove the first part of the main theorem. If
r>(c—1t)/pn, then p,, -r+t—c >0, which leads to
Pr-r+t—c>0 forall 0 < h<n,since p, <Pp_1<
- p1. But

Pr- T+t —¢=Una(gh) — Uinax(Gn-1)
for all 1 < h < n, therefore,
u;.nax(gn) > uinax(gn—l) > "'u;.nax(gO)

This implies that as long as r > (c — t)/py, the overall
maximum utility of a company is obtained when it is
connected to all schools. So the complete network in this
case should be pairwise stable.

In general, if (c—8)/pp1< T
2 < h < n, then

pjrr+t—c>0for1<j<h-1

<(c=8)/pn

while
pjrr+t—c<0for h<j<n
Therefore,

u;'nax(gh—l) > uinax(gh) > > uinax(gn)
and
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u;nax(gh—l) > u;nax(gh—z) > > u;nax(go)

Thus, the overall maximum utility of a company is
obtained when it is connected to the strongest h-1 schools
but disconnected with the rest of the schools. Therefore, if
(c=t)/pro1 < 1t <(c—1t)/Pn, 2<h<n, a network
with the weakest n-h+1 schools excluded is pairwise stable.

3.2. Proof of Theorem 2.5

In this section, we study the efficiency (total utility) of the
network. The efficiency function v(g) for a network G could
be calculated as

v(g)=r+a)l-V-P-1-D

Under Assumption 2.3, the efficiency function for the
pairwise stable networks G (0 < h < n) is given by

h
v(gy) = m(Z}_:l p].> -(r+a)— (mh)d

e Our first observation is that severing any link in a
pairwise stable network G, (0 < h <n) will result in
smaller efficiency.

If a link between company i (for any 1 <i <m) and
school j (for 1 < j < h) (note schools h+1, ..., n are not
connected to any company in the pairwise stable network Gp,)
is severed, then efficiency of the network is reduced by an
amount of p;(r + a) — d:

v(gn) —v(gn—ij) =pj(r+a)—d
forl1<i<m, 1<j<h.

On the other hand, by Theorem 2.4, G, is pairwise stable
if (c—t)/pp-1< 1t <(c—1t)/pPr, 2<h<n, which
yields

ppr>c—t>d

Thus, pp -7 —d > 0. But p, is the smallest for all p;'s
where 1 < j < h, hence

pjrr—d>0

This in turn implies that when G, is pairwise stable,
regardless of the value the return constant for the
government a (which we assume is positive) might take,

v(gn) —v(gn—ij) >0
for1<i<m,1<j<h.
Therefore, severing a link from a pairwise stable network
G, will reduce the efficiency.
e The interesting question to ask now is to find a network
which has the maximum efficiency.
To answer this question, we have to examine

v(g+ij)—-v(g) =pjr+ta)—d
where ij is not a link in network G.
Obviously, if a is large enough, a > d/p,,, then for all
1<j<n, pja-d>p,a—d>0,thus,
v(g+ij)—v(g)>0
for1<i<m h+1<j<n

Hence, adding a link to any network G will increase the
efficiency if a has a lower bound d/p,,.

4. Optimization of Companies' Utility
Function-Another Perspective

Since companies are leading to form the network in this
CUG model, a more detailed study of the company utility
function is necessary to establish a more in-depth
investigation of a member company's incentive and behavior
when allocating their resources to the member schools in the
research center network.

Based on the analysis in Section 2 and taking
consideration of the restrictions of universities' research
capacity, an a slightly modified model is constructed to study
the resource allocation of the companies to universities. In
order to maximize the utility of a company, it is not always
true that companies only choose to collaborate with the best
university.

4.1. Analysis and Setting

Assumption 4.1: Links are formed between companies
and schools only. No links are formed between different
companies or different schools.

This assumption is identical with Assumption 2.1.

Assumption 4.2: The return for company i from
successfully completed projects done by school j is modeled
by rpjc;;, where r is a constant uniform for all companies
and all schools.

Here in this section, the definition of return is slightly
different from Section 2. The "return" in Assumption 4.2
includes both the profit from the successful projects by
universities and the revenue from government's tax incentive
policy for funding the non-profit institutions, as we assume
the government return is proportional to the company's
investment to universities. We make such modification
because our focus in this section is on what happens if
research projects from member companies are overflowing
the research capacity of a university.

Assumption 4.3: Different universities belong to different
tiers. We use a concept "research capacity” to describe the
fact. One measurement of the research capacity given by
Section 2 is the "success rate", we keep using it here.
Furthermore, we assume that the research capacity of each
university is not unlimited, and represent the research
capacity of university j by R;. This R; is described by the
standard upper funding limit that university j can accept.
This premise is reasonable. Though universities want to
receive as much funding as possible, their amount of
workforce (the faculty) are limited, which means the amount
of projects they can work on at one time are limited. We use
R;, the standard upper funding limit to describe the standard
amount of projects university j can hold at one time while
maintaining its maximum research "success rate" p;o. And
without loss of generality, we assume

P10 > P20 > > Pno (D

On the other hand, we assume companies are rational
enough in evaluating the budget of the proposed project,
which only depends on the size and the difficulty of the
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project. The total amount of funds that university j receives is

F;. Now we define the following function:
o {0, it <R
)

- @)

s; describes the excessive research loads university j has
received. s; > 0 is quite natural as we assume universities
want to receive as much funding as possible. They will still
try to get funds if the projects are "a little bit overflow". The
sacrifice will be lowering the success rate p;o to p; (The
university will tries to avoid this situation as it will harm
their research reputation). p; is the success rate when
university j has funds F; and 0 < p; < pj,.

We assume the decrease of p; is proportional to the size
of s;. Thus

o) _

where 7; is positive constant and is another indication of the
research capacity of university j. A smaller 7; indicates a
better stability of wuniversity ; when encountering
overflowing research loads. Without loss of generality, we
assume

T < Ty < e < % (4)
From (3), we get the following representation for p;:
T 2
P =Pjo =35 =Po—;(F —FK) )

4.2. Modified Company Utility Function

The return of project ¢; is rc;p;, thus the utility
function for company i is the sum of returns of all projects
with universities.

w =Xl {_Cij +rcii[pjo — %5}2]} (6)

The above utility function is subjected to the following
constraints:
e Budget constraint:

n
Z Cij < Ci
j=1

e Success rate: 0 <p; <pjo this means that the
university will be rational enough that they will stop to
accept any projects if s; is big enough.

Assumption 4.4: rp;o > 1

Remark 2. This assumption is natural, since companies
expect positive return, which means that their investment
brings them profit, not deficit.

Without loss of generality, we also assume that companies
want to maximize their utilities by cooperating with
universities that have better research reputations with better
success rate. They will always consider providing funds to
universities in the following priority order (1,2,---,n). If a
better university can not accept their projects (we simply
assume that the only reason is that the university has enough
projects for its research resource), they will consider the next
until one university is available.

4.3. Optimization of the Utility Function

1. Case 1: s; = 0. This condition means that the top
university still has enough research resource and is open to
companies' project. This implies

§p =8 = =8, (7
by Remark 2. Then the representation for u; is simplified as
u; = ?:1(_%' +7¢;pj0) )]

This is very close to the utility function provided in
Section 2. And the analysis of the companies' incentive and
behavior of distributing their budget strictly follows the
version in Section 2 and Section 3. The game theory results
apply to this case. That is companies will always consider
cooperating with the best school in the network as it will give
them maximum investment returns.

2. Case 2: s; > 0. This condition means that at least one
of the university is "standardly full", though it is possible that
it still available and open to new projects. In this scenario, we
are interested in the following optimization problem: How
should companies distribute their budgets among
universities in the network of the research center to get the
maximum return. Converting this problem into mathematical
language, it is to find the vector (c;1,Ci2, " Cip) that
maximizes the utility function u;. Our method for this
problem is based on the maximum theorem of calculus, i.e.
the derivatives of the utility function u; should be zero.

Now we suppose that university 1 to / (1 <1<n) is
standardly full in its research capacity but still open to new
projects. The excess of research capacity is
(s1,°++5,,0,0,---0). When company i make a cooperation
with universities in the network by allocation its resource
(¢i1,Ciz, *+ Cin ), the utility function becomes

u; = Z 1{_Cij + e [pjo _E(Sj +¢y) ]}
]:

+ X7 pa{—cy + ey pjo) )
First derivative: If 1 < k <[,
Oui _ duy duyj
dcie  dcy + Z];tk dcik
_ Tk 2
=-1+r [Pko = Sk +cu) ] — T Curc (Sk + Cir)
LT

= —1—=(si + cu)® + rlPro — Trcir (s + cu)1(10)
Ifl+1<k<n,

Oui _ 6uik

ey —de — L1TTRo (11)
Second derivative: If 1 < k < [,
2
S =~y = 2rmy (s ) <O (12)
ik

The above inequality is because we assume 7, Ty, Cy
positive and s, nonnegative for all k.
fl+1<k<n,
92y,
82%cy

=0 (13)
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The second derivative of u; shows that u; is concave
down. Thus, a maximum can be obtained and the solution of
this optimization problem is the solution of the following
system of equations:

(14)
v
dcin
which is equivalent to the system of equations:
r

-1- 7(51 + )2 +rlpio —Tica (s +¢1)]1 =0

(15)

-1 —%(Sz +c)® +rlp —Tica(s + )] =0

In the above equation system, we ignore the part
Ju;
)

dciip1’ Ocin
This is because for [ + 1 < k < n, equation (11) together
with Assumption 4.4 indicate that

au;

6ui

3 =—14+rpy>0forl+1<k<n (16)
ik
This implied the equation
M —0forl+1<k<n (17)
0cik

will not have a solution.

However, (16) shows that the return u; will increase as
long as the funding for university £k (I +1 <k <n), ¢,
increases. Therefore, the company's strategy to receive the
maximum return is to fund the first / universities according to
the solution of equation system (15). If their budget is more
than Y} _; i, then the rest should all go to Ci1+1, Since
university /+/ has the best success rate among the next n-/
universities.

Now we need to prove the existence of the solution of the
system of equations (15). Therefore we can show that the
maximum does exist and it can be obtained. Notice that each
equation in (15) is a second order polynomial and the
equations are independent to each other. So the existence is
guaranteed by the quadratic formula.

Simplifying k-th equation in (15), we get that

3
rzrk C3 + 2rTicy — TP + 1 + % =0 (18)
The discriminant A= b? —4ac of the quadratic

polynomial is

3rt T
A= (2rtys, )’ —4- Tk(—rpko +1+ Tksf)

=r2tist + 6r1,(rpgy — 1) > 0 (19)
and the axis of symmetry is
b _Zersk _ _Zﬂ
2a 3rTy - 3 <0 (20)

(19) and (20) show that (18) has two roots and at least one
root is negative. If the other root of equation (18) is positive,
it guarantees the existence of solutions for the system of
equations (15). This requires the following inequality.

—rpk0+1+%s,§ <0 1)

Keeping in mind that s, is positive and solving the above
inequality, we get that

2rpjo—2

Sk < (22)

Tk

This is a sufficient condition to guarantee that (15) has a

solution under Assumption 4.1-4.4

(Ci1 e+ €ty €141, 0 ++,0)
which provides an optimum plan of resource allocation for
company i to maximize its utility.

Since equation (18) has only two roots and one of them is
negative, the postive root c;, is also the unique solution to
equation (18). This implies (15) has a uique solution under
the condition (22).

So we have proved the following theorem:

Theorem 4.1: Suppose

1. Company i have some budgets to fund some projects
with universities.

2. University 1 to [ have excessive research load while
university /+/ to n have less research load than their standard
research capacity. (1 <1 < n).

3. Companies allocate their funds among the universities
in the network in order to maximize their utilities.

Then company i will find a unique maximum return u; if
the excessive research load s;, 1 < k <[ satisfies

st < 1<k<l (23)

ZTpko—Z
Ty ’

Remark 3: From (23), we can get the following inequality:
1 1
ETkSI% <Pro—7 (24)

Compare the left hand side of the above inequality and
equation (5), we get

1
Pko — Pk < Pko ~; (25)

which yields,

o > 1 (26)

This result indicates a necessary and sufficient condition
to guarantee that the utility function for company i will have
a maximum solution when, taking the universities' research
capacity into consideration, all university can still give a
positive return if they are funded by company i for some
project.

Furthermore, we have the following theorem regarding
companies' choosing the right project partner:

Theorem 4.2: Under the same assumptions in Theorem
4.1 and the following condition

Cik Sk = prﬂ forsomek, 1<k <1 27
k

companies should stop funding new projects with university
k but consider the next university: university k+1.

Remark 4: Theorem 4.2 gives a necessary condition of
giving up cooperating with university & for projects. It shows
that when companies consider cooperating with universities,
they should not only consider the reputations, but also their
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research capacity. Nevertheless, the research capacity of a
university is closely related to its reputation. But once a
university has enough projects, the company should take this
into their considerations; qualitatively check whether their
investment gives them positive revenue return. (27) can be
converted to
Pko
Tk Sk

For the right hand side of (28), the numerator can be
interpreted as the maximum change in the sucess rate of
university k, the denominator is the "changing rate" of
success rate of university k. Thus, (28) means company i can
make a quick estimate of the ratio of maximum sucess rate
change and change rate for university &, and if they make to
have a profit, their project investment should not exceed the
value of this ratio.

Proof: From (10) we see that if

T(Pro — TkCir) <0 (29)
(10) will be negative permanently, which means u; will
decrease as long as c;;, increases. Practically, the company's
revenue will decrease if they continue to give university k
money, and they definitely want to avoid this situation.
On the other hand, (29) is equivalent to

Pko = TkCik Sk
From here we get the condition (27).

Cike 2 (28)

(30)

5. Summary and Open Problems

In this paper, we studied a cooperative model representing
the relation network in a consortium among commercial
companies, universities and local government. By game
theoretical approach, we have shown that under the
simplified assumptions that links could be formed only
between a company and a university and that returns from a
completed project to a member company and local
government are depending on the university research
strength, a pairwise stable network could be formed between
the strongest universities (strongest in terms of the success
rate of completing a project) and member companies. The
higher the return to a company, the more complete the
network is. Unfortunately, the total utility of the entire
network might not be maximized over such pairwise stable
network unless it is a complete one, which, in return,
demands high return.

A further investigation on the impact of an institution's
capacity of research resources on the link formations
between member companies and member universities is
presented in Section 4. This supplements the results of game
theoretical approach in Section 2 and 3 by showing that both
research strength and research capacity are important factors
for a university's performance on a project. Taking the
university's research capacity into account, a network
consisting only the links from member companies to the few
top research universities on one hand could be pairwise

stable, but on the other hand, might not be strategically wise
in getting the overall optimal return among member
companies. This result reinforces the aforementioned claim
in Section 2 and Section 3 that a stable network composed of
only the links from member companies to the strongest
member universities could not yield the maximized overall
utility of the network, or simply, there is tension between
stability and efficiency in this CUG network. One solution to
such an issue might be strengthening the role of government
agency in coordinating the cooperation between member
companies and member universities to achieve to better
return yields for companies. Thus they have more incentives
to form a complete network.

Some open questions that are worth to be investigated
include: can a complete pairwise stable network be obtained
without high return if cooperation among universities is
permitted in the network, or/and if the return to the company
is a function of a university’s research capabilities? More
advanced tools need to be employed if the assumptions are
loosened.
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