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Pairwise Concurrence Dynamics in a Five Qubit Model
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Abstract In this paper, we study the entanglement in a five qubit model. For this purpose, we consider two
non-interacting systems A and B which are correlated together initially. A is a two atoms Tavis-Cummings systemand B is
a Jaynes-Cummings System. By choosing a convenient initial condition which shows the initially correlation, our total
system (A plus B) become a system which consist of five qubits. There are ten pairwise concurrences which we must
calculate. We show that initially non-entangled qubits become entangled by passing time, the process which may be

interpreted as entanglement transfer. We also show that our model in special cases become

models and analyze entanglement in these special cases.
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1. Introduction

Entanglement is a fascinating aspect of quantum
mechanics and the most bizzare features that can not be
found in the classical world. It plays foundamental role in
both quantum computation (QC) and quantum information
processing (QIP)[1-4]. Recently, the time evolution of
entanglement, such the behaviour of qubits in quantum
computing, is studied in several context[5-9].

The purpose of this paper is to examine a system which
consists of two non-interacting subsystems A and B. A is a
two-atoms Tavis-Cummings system[10-19] and B is a
Jaynes-Cummings system[20]. By choosing a convenient
initial condition which provide the correlation between these
two systems, this system will behave like a system which
their elements (atoms plus cavities) are qubits and our
system becomes a five qubit model. We study the
entanglement in this system by calculating the reduced
density matrice and hence the concurrence among each two

qubits.
The Hamiltonian for our systemis written as(f =1)
H=H,+H,
— + 1 (14) 1 (24)
=@ |l aa+—oy; " +—0o;
2 2

+ Are [((TEIA) + O'EZA))cf + (GSA) + GfA))a] 1)

+@,.0" +A,.(b"c® +b c?)+w,bD
Clearly there will be no interaction between subsystems A
and B.
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Now we must choose a convenient initial state to make
sure two systems (A and B) are correlated together. We

suppose that one atom from A (4, ) is entangled with the

Jaynes-Cummings atom B . Therefore, the initial state
has two parts:

I) The initially Entangled atoms:

As we said before we suppose that one atom from the
Tavis-Cummings  system is entangled with the
Jaynes-Cummings atom. We use a partially entangled atomic
pure state that is a combination of the bell states:

‘\PA,B(O)>:Cosa‘emg3>+5ina‘gmes> 2)
(II) The initially non entangled atom and cavities:
For our purpose, we also suppose that the non-entangled

atom A2 is in its ground state |g2A> and both cavities
which we denoted @and b are in their vaccum states |0a>

and |0b> . Thus the initial state for the total system is given
by
[P (0) =|¥,,(0)®]|g,,)®]0,)®[0,)
:(cosa|elAgB>+sina|g1Ae3>) ®)
®|2,,)®[0,)®]0,)
=cos a| e1g2;0>A ®|g;0>3 +sin a|g1g2;O>A ®

e;0> 5
Under these assumptions, there is never more than one
photon in each cavity; therefore, the cavities a and b both
behave like two-level systems and the total system will
behave like a systemwhich consists of five qubits.
In (1), the terms of Tavis-Cummings subsystem are

|elg2;0> and |g g,:0). The state |elg2;0> is coupled to

the states |g1g2;l> and |glez;0>,but the state |g1g2;0>

is coupled only to itself.
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If we write the Hamiltonian for subsystem A in these
states, we obtain

0 A¢ A O
W _ A 0 0 0 )
A 0 0 0
0 0 0 -w
The eigenvalues of these Hamiltonian are
E =0
E,=-w
&)
E, =2
E,=-2
and the correlated eigenstates are
1
=—\leg,;0)—|g.e,;0
|‘//1> \/E(I 182 > |g1 2 >)
|‘//2> = |g1g220>
(©)

1 1 1
[v2) :E|g1g251>+5|elgz;0>+5|glez;0>

1 1 1
|l//4> = $|g1g2;1>—5|€1g2;0>—5|g162;0>
For using in next section:

1 1
Iglgz;l)=ﬁ|w3)+f|w4)

1 1 1
|elg2;0>:ﬁ|W1>+E|V/3>_E|V/4> (7)

1 1 1
|glez;0>:_$|V/1>+5|‘//3>_5|1/]4>

|818230)=[w,)
From ref[ 6] for Jaynes-Cummings system:
|¢0> = g;0>
¢1+> = ¢,|€;0) + 5,/ g51) (8)
‘¢1_> Y e;0> +¢ g;1>
where A" = W, * /IJC are eigenvalues for these
eigenstates.

To use in section 2 :
e0)=col o) = 5ol )
i) =547 )+ 4r) )
g:0)=|4,)

for the resonance case (The case which will be used in this
paper)

(10)

Cy =38y =

1
V2
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Now, we are ready to study the entanglement in our
model.

2. Pairwise Concurrences between each
Two Qubits

We begin with relation (2), to obtain the time-evolution of
entanglement, we first rewrite the initial state by using the
eigenstates (6) and (8)

|‘I’(O)> = (cos a|elAgB> + sin a|g1AeB>)
®[g.,)®[0,)®]0,)

zcosa|elg2;0>A ®|g;0>3 +sina|g1g2;0>A ®|e;O>B
then

1 1 1
) =cosal i) +3ws) 31w, el
1

. N I,
+s1na|w2>A ®[\/5 @, >B —f‘(bl >B} (11)
The time-evolution of these eigenstates are specified as
lv,(0)=¢"w,)
¢]¢ (t)> _ e—ilit ¢]i>

(12)

Then

¥(0) = cosa%hul ) +5lw0), —%hm(r))J

+sin a| v, (t))A ® [%

4 0) —%M (t)>3}<13>

We transfer the time-dependent of these states to new
coefficients and write the |‘P(t)> as

[¥(0) = cosala, 0|y}, +a,@|w,), +a,@)|w,) |
®|¢0>B

vsinaly,), ©lg), +s@lgr),] a9
where
1 *l'(Eﬁlec)
a,(t) = ﬁe 7
1
—i(Eyt—,c)
as(1) = %e S
1 —i(E4+l“’Jc)t
a4(t):—§e 2 (15)

C(t) — L e—i(ﬂ+t+a)n~)t
2

S(t) - _ L e*i(ﬂft+a)rc)t

are the time-dependent coefficients. Obviously, these
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time-dependent coefficient satisfy the normalization
condition.
In order to take traces over individual atoms or cavities,

we need to revert to the bare bases and this leads to
|"P(t)> = al(t)|elg2;0>A ®|g;0>3 +0!2(l‘)|g1€2;0>A ®|g;0>3
+0,(1)|2,8::0), ®|g:0), ++01,(1) 2,8,:0), ®|e:0), (16)
+a; 0), ®|gsl),
The time-dependent coefficients are

ao,(t) = (\/Ea(t)+;a3(t) ;a4(t)Jcosa

a,(t)= {—\/%al(t)+;aS(t)—;a4(t))cosa

a,(t) = (\15% )+ \/15% (t)J cosa
1

1 .

a,(t)= (\E c(t)— \/Es(t)] sin &
1 1 .

as(t) = (\/Ec(t) + \/Es(t)J sina

Now, we are going to calculate the pairwise concurrences
among qubits.

a7

We first focus on C™*? | for this purpose, firstly, we must

calculate the reduced matrice pA]B . The projections that are

needed are
(€08, (0|W (1)) = o (1)|e,,85) + 24 ()] 81485
(€08, (1Y) = a5(1)| 81.85)
&1, (1[¥(0)=0
(318,01 (0)) = a,(1)| 81,85
(00,0 ¥(0) = )] 1.2,) "
le0l®,(1]¥()=0
e, (0]%(0)=0

Ae®,{1[¥(0)=0

From these projections, we see that 4, B mixed state has

the form
v 0 0 0
0w z 0
4B _
- * 19
P70 2 x 0 (4
00 0 y
For which the concurrence has the stated form[23]
c® ~Jw} (20)

where

z=a, (N (1)

v=0 Q1)
y=la, O +|as (0 +|es ()

Because vy = 0 then
C* = e (et (¢) (22)

Figures land 2 show the concurrence for AIB mixed

state. In this graphs @, = /L[C =W, = /1JC =1
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Figure 1. plot of AIB concurrence for @ = —
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Figure 2. Surface plot of AlB concurrence
As we expected from the initial state (3) for the case
T
(a= Z) the concurrence at t=0 is equals to 1 that we can

see in figure 1.
C*8 | we first

. The non-zero projection are

. Ab .
For concurrence calculation C“*” like

must calculate pAzb
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a:0[®,(g[¥()) =, (1) g,,:0,)
(8018 (e[ ¥(0) = 2,(1)],,.0,)
{5,008, (g ¥(0) =, (0er, 0,) + (0] ,.1,)
(2318, (g| () = (1) £,,:0,)

Again the decreasing density matrice has the form (19)
with

e;0

2= a, (el (0)

24)
w=0

then
C*" =2lar, () (1) @5)

is the concurrence between the initially non-entangled atom

A2 and the cavity of subsystem B. (Figures 3-4)
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Figure 3. The plot of CAzb(t) for & :Z

Figure 4. The surface plot of Cc*® (t,a)

For obtaining concurrence between two cavities:
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(62:[8,{g[Y() =)o,
A@|®@W@%%
8&:(®,{e[¥()=

A<g1g2|®8<g|‘l’ t)>:a3 b>+a5(t) Oa,1b>

and the concurrence between two cavities becomes (Figures

5-6)
= 2o, (t); (¢)

(26)

)
0s)
0s)

(27

T
Figure 5. Theplot of Cab (l‘) for @ = Z

Figure 6. The surface plot of c” (t, a)

Other remote concurrences between two subsystems are

C* (1) = 2Jer, ())ex: (1)

cﬁﬁnzsznaﬂg\ (28)

C (1) = 2ory (D) 1)
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Figure 7. Theplot of c4 (t) for = Z
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Figure 10. The surface plot of c*? (t, 0{)

Figure 8. The surface plot of c (t,a)
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Figure 9. The plot of CAZB (t) for @ = Z
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Figure 11. The plot of CaB (t)

Figure 12. The surface plot of c* (t, 0{)
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Similarly, we obtain Il) The case @, = EJC =0
A% (1) = 2| (D (0], 0T 4 (1) = 2 e (05 ()
(29

% (1) = 2|y (005 (0] DB (1) = 2]t (x5 1)

Figures (1-12) show that, the local atom-cavity coupling
not only cause the creation of entanglement between an atom (29).
and its cavities (or between two atoms in Tavis-Cummings 051
system) , but also generate non-local entanglement between
cavities (Figure 5 and 6) or between initially non-entangled

Now, we have a three qubit model. for o =0
|¥(0)) =|e,g,:0), (32)

And the concurrences for this case is calculated helping

044
atom A, with Jaynes-Cummings cavity (Figure 3 and 4) if

the atom-atomsubsystem ( 4, and B) is initially prepared in .

an entangled state (2). We see also the creation of non-local
entanglement between one atom and remote cavity mode
(Figures 7-8 and 11-12). In next section we analyze the
entangement between each atom with its cavity for each
individual systems Jaynes-Cummings and Tavis-Cummings 01
as two special cases in our work.

024

0 T T T T 1
0 2 4 4 2 i}

3. Special Cases w '
Figure 14. Plotof C ™ (¢)for initial state‘ lP(O)> = ‘elg2;0>A
In this section, we want to discuss about two special cases.
In each of these cases, the number of qubits decreases and 05
qubits are not entangled initially. As time goes, these qubits
be entangled with each other for the interaction between
them. 07

I) The case @, =4, =0 06 1

0.2

In this case, we only have a Jaynes-Cummings system, so
our model becomes a two qubit model. If ¢ =0 then

054

0.4+

[¥(0)) =] &:0), (30)
Because this state couples only with itself, there is no .
Entanglement. 02
If == then 0.1
2
|¥(0)) =|e:0), 31 " ] : : : i
And We can calculate the concurrence by helping (28). '
(Figure 13) Figure 15. Plotof C“(¢) for initial state“{’(()» :\e1g2;0>A
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Figure 13. Plot of C (Z) for initial state‘ ‘P(O)> = ‘ elg2,0>A Figure 16. Plot of CAza (t) for initial state‘ ‘P(O)> — ‘ elg2;0>A
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T
For & == | ¥ (0)) =|g,£,:0), (33)

Because this state couples only with itself, there is no
Entanglement in this condition.

Figures 13-16 show that in both Jaynes-Cummings and
Tavis-Cummings for interaction which there are in these
systems the atom-cavity coupling cause the entanglement
among qubits in each systemseparately.

4. Conclusions

We have examined Entanglement between two
subsystems A and B. A is a two-atoms Tavis-Cummings
systemand B is a Jaynes-Cummings system. In our model, a
distinctive feature is that there are no interaction between
these two subsystems, but one atom from A is entangled with
the Jaynes-Cummings atom B the case that makes sure us
subsystems A and B are physically correlated. We show that
initially non-entangled atoms or cavities become entangled
with each other by passing time. The process which will be
interpreted as entanglement transfer. The figures show the
creation of entanglement among non-located qubits. It is a
surprising point in quantum computing which shows a
fundamental distinction between quantum and classical
world.

If 4 >1,4, —>2,a—>3,B—->4b->5

then in our notation

0 0 0 0
0 a0 a0a 0
P00 o (a0 a0 0 (34)

0 0 0 1-

& (0 o, 0

And we can write pairwise concurrences as the compact
form

C7(t) = e, (D) (1)

Because =( for all matrices, there is no negative
vy g

(35)

term in (34). For this reason there are no ESD (Entanglement
Sudden death) between qubits for this case of initial state
which be used in our work.

The important point, which must be noted, is that the
initial state has essential role for building the five qubit
model. If we use another initial state, firstly we must make
sure that the cavities are behaved like two stated systems;
furthermore, the most important point is that to make sure
that initial state must provides correlation betwwen
subsystems A and B. For example, if in the initial state (2)

the non-entangled atom was in its excited state |62>A the

total system will not behave like a five qubit system.

However, there are other initial states that if we are used
then they will behave like a five qubit model. For example
we can test

|W(0)) = (cosx e sep ) +sin x| g, 485)) @) 22) , B0, ) ®]0,)36)
and solve the problem with the method which we have
used.
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