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Mathematical Modeling of Filtration from Canals and
Sprinklers of Irrigation Systems
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Abstract We consider several schemes of seepage flows from canals and sprinklers of irrigation systems through the soil
layer, underlain good underlying permeable confined aquifer or water-resistant base. For their study and formulated using the
method of P.Y. Polubarinova-Kochina solved multivariable mixed boundary value problems of the theory of analytic func-
tions. On the basis of these models are developed algorithms for calculating the size of the saturated zone in situations when
the filter has to evaluate the combined effect of the painting movement of such important factors as seepage back pressure
from the underlying confined aquifer or an impermeable base, cross-sectional shape and channel the power supply level of
water in it , capillarity of the soil and evaporation from the free surface of groundwater. The results of calculations for all the
schemes are compared with the same filtration filter parameters depending on the shape of the channel as a power source
(canal or irrigation), and the type of foundation soil layer (silnopronitsaemy confined aquifer or aquitard).
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1. Introduction

It is known (see, eg, reviews[1-4]) that the mathematical
modeling of filtration flows from canals and sprinklers of
irrigation systems used a variety of research methods applied
analytic functions introduced in[5-9], the method of con-
formal mappings of the rectilinear polygons based on the
application of the Schwarz- Christoffel formula[10-13] and
functions Riesenkampf and Verigin[14], the method of P.Y.
Polubarinova-Cochina, based on the application of the ana-
Iytic theory of linear differential equations of Fuchs
class[15-18], the theory of inverse boundary value prob-
lems[19,20], etc. Despite the importance of these research
studies in this direction so far alienated and not fully reflect
the specific movements of the canals and sprinklers, which is
characterized by the presence of such important factors as
seepage back pressure from the underlying permeable aqui-
fer well containing a pressurized underground (or artesian)
water or water-resistant base, soil capillarity and evaporation
(or infiltration) at the free surface of groundwater. All
marked work associated with the presence of one or two of
the three factors that significantly affect the simulated
processes. Accounting for the simultaneous influence of
these three characteristics of the filter has not become a
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broad domain of exact analytical solutions.

In contrast to these studies in this paper, which is a con-
tinuation and development[21-25], both case of motion of
the water of the canals and sprinklers are considered together,
which apparently has not yet appeared in the literature. In
this case it is shown that the solution for sprinklers obtained
by solving the filtration problem for channels with a limit
associated with the conformal mapping parameters con-
tained in the required dependencies. Provides a uniform
method of solving problems, which allows to consider four
different schemes of the flow and take into account in the
study at once all three filtration characteristics - capillarity,
evaporation, and props - that is of considerable practical
interest because it allows us to estimate the combined in-
fluence of these factors on the phenomenon. For this purpose,
the method of P.Y. Polubarinova-Kochina[1-4], based on the
use of conformal mapping of circular polygons. With the
help of developed[26-29] methods of solving the corre-
sponding linear differential equations of the Fuchs class,
which are very common problems of underground hydro-
mechanics solve mixed boundary value problem of
multi-parameter theory of analytic functions. On the basis of
the obtained exact analytical relationships and numerical
calculations are carried out by hydrodynamic analysis of the
influence of physical parameters of the schemes of flow on
filtration characteristics. We give a comparison of the results
of calculations for these schemes under the same filter
characteristics depending on the shape of a channel-power
sources of water (or irrigation canal) and the type of under-
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lying soil base (well permeable confined aquifer or aquitard).

2. Filtration of the Channels in the
Presence of the Basis of
Well-Permeable Horizon Containing
Pressurized Groundwater (Scheme 1)

In fig. 1 shows a right-symmetric picture steady plane
flow of an incompressible fluid by Darcy's law with known
filtration coefficient k=const of channel width 1 with a shal-
low depth of water at uniform evaporation from the free
surface of CE intensity € (0 <e <1), divided by the coefficient
of filtration. At some depth from the bottom of the channel T
is silnopronitsaemy pressure horizon FE, piezometric water
level in which the H,+#h, (h, —static height of capillary rise
of groundwater[1,2]) above the horizontal interface between
it and a layer of soil, which studies the movement. The
channel width 1, thickness of the soil layer T, the pressure
(above the roof) in the underlying permeable horizon is well
along H, with the intensity of evaporation ¢ and high
vacuum hk, due to capillary forces in the soil are given.
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Figure 1. The flow pattern with curved depression in filtering out of the
canal (Figure 1, curve 1) and sprinkler (Fig. 2, curve 2) calculated at
h, =03, £=0.05, /=02, T=1.0 and H =0.1

If we introduce the complex potential of motion ® = ¢ + iy
(¢ — velocity potential, y —stream function) and complex
coordinate z = x + iy, classified kT, and T, then the problem
lies in determining the position of the depression curve, CE
and, hence, the width /, of the capillary spreading of water
filtration and BC flow Q with the following boundary con-
ditions:

AB:y=0,¢=0;, BC:y=0,y=0; AF:x=0, yw =0;
(1
FE:y=-T,¢=T-H,=H; CE: ¢=—-y+h,
v=0-s(x—1-1).

We introduce an auxiliary parametric variable t, the func-
tion z(t), conformally maps the half-strip Rers>0,
0<Imt<0.57 inthe t plane, the flow region in accordance
points t, =0, ¢t.=if, t,=ia, t, =i0.57, t. =00 and
derivatives dw/dt wu dz/dt.

In fig. 2, a shows a complex velocity field w, corre-
sponding to the boundary conditions (1), which is a circular
quadrangle with a cut to the top of D, and the angle
v = arctg\/g at the vertex C. Function effecting the con-
formal mapping of t on the field w has the form

Y +iY,
w= _\/Ei@’
Y, —eiY,
_ chzshvt +1 Sshtch vt . )
ch™t

chrch vt + Csheshvit
Yl = I+v
ch™t

1

n
| o

-

) )
Figure 2. On integrated circuits W for speeds 1 and 2 (a) and figure 3, 4
(b)

Here Y, — are linearly independent integrals of the cor-
responding linear differential equation of Fuchs class[26-28],
C - a suitable real constant conformal mapping.

Applying the method of P.Y. Polubarinova-Cochina and
taking into account the relation (2), as well as the fact that
w= dw/dz,we find a parametric solution of (1) as

dz _ M (G —eiv)eh'"t do _ i (JeY, +iY,)ch'™t

N A " at A '

A =shty/(sh* + A2)(sh’t+F?).  (3)

Here M> 0 — a large-scale simulation of a constant,
a=arcsin4, b=arcsinF,a and f (0< f<a<057r ) un-
known ordinates of the points A and F in the plane t[21-23].
Integrating the representation (3) along the contour of the
auxiliary field t, we can obtain expressions for the physical

characteristics of the model
057

a 1 o0
_.J.(DAth:H, :!‘ XABdt:Z> W!(DBCdt:hk’
[Yypat=T, )
S

are used to determine the unknown parameters of con-
formal mappings a, f, C and M. After finding these constants
are calculated and the required filtration characteristics /,

and Q coordinates of points of depression
1 0.57

= [ X,.dt, O=— | ¥ ,dt, 5
= 5y | Xt © j p 5)
Yep () =141 + [ Xpdt, yop (6) = =[ Ypdt, 0<t <o, (6)

In (4) — (6) the integrands — right-hand sides of expression
(3) in the corresponding sections of the contour plane t.
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Private and limiting cases of figure 1 are described in detail
in[23].

3. Filtration of the Irrigators in the
Presence of the Basis of
Well-Permeable Horizon Containing
Pressurized Groundwater (Scheme 2)

In fig. 1 shows the pattern of motion of the sprinkler
borozdovogo type with a radius / which is filled with water
up to ground level, taken as a horizontal plane. During the
initial review sprinkler replace a point source located at a
point A . Then the solution for the source is obtained by
solving the problem of filtration for the channel (3) with the
values of conformal mapping ¢ =0.57, A=1, is at the
confluence of the points A and B in the plane of flow.

Further, according to[1,2,6,7], we take one of the lines of
equal pressures, for example BG (shown in fig. 1 smooth
curve) for the cross-section of the sprinklers with radius 1,
and let her ¢ =0.Under these conditions along portions of
the border region z will continue to run the boundary condi-
tions (1), and the complex velocity field w (fig. 2, a) and
the unknown function (3) (6) retain their form. The formulas
(4), (5) for the quantities / and Q replaced by the fol-
lowing:

1 b © f
05 ! X pdi=1, O=n( l ¥, dt { ¥, dr), (7)
where this time the unknown parameter b (0 <b<o) the
abscissa of point B in the plane of the auxiliary parametric
variable ¢, =b+i0.57 . Private and limiting cases of the
model 2 in detail in[25].

Table 1. The calculation results /, and Q in the variation &,

4. Comparison of Numerical Results for
the Channels (Scheme 1) and
Sprinklers (Scheme 2)

In fig. 1 shows the curves of depression during the filtra-
tion of the channels (left curve CE) and sprinklers (right
curve CE), calculated with £=0.05, 7=1.0, H,=0.1,
h, =0.3 and /=0.2 (baseline). The results of calculations
of the influence of physical parameters &, T, H,, h, and
[ the width of the capillary spreading of the liquid flow rate
/, and filtration O are shown in table. 1 and 2 (upper line
corresponds to the sprinklers, the lower - channel). In each
of the blocks of the tables, which are separated by double
vertical lines, varies in the allowable range is one of the
above parameters, and values of other fixed base values. In
fig. 3 shows a plot of the size /, and flow Q channels
(curves 1) and sprinklers (curves 2) on the parameters &, T,
H,, h, nl.

Analysis of the data tables and graphs to the following
conclusions.

The increase in channel width and radius of the sprinkler,
the pressure in the underlying aquifer and the height of the
vacuum caused by capillary forces in the soil and reduce
evaporation and capacity of the soil layer lead to increase the
width of the capillary spreading of the water. Reduce
evaporation and increase the backwater from the waters of
the underlying horizon is accompanied by increase in the
magnitude /, and, conversely, decrease the filtration rate

Q. A similar behavior is observed /, and Q the values

and decreasing capacity of the soil layer T. Thus, with re-
spect to the filtration of the canals and sprinklers and
evaporation capacity of the soil layer plays the same role as
props, as the quantity H, .

T and H, o for schemes 1 and 2

£ /, 0 T / 0 H, A 0
0.263 0.671 0.333 0.569 0.236 0.736
0.149 0.471 0.217 0.378 0.133 0.513
0.001 0.262 0.673 06 0.255 0.680 0 0.238 0.731
001 0.147 0.479 10 0.143 0.483 001 0.134 0.510
025 0.229 0.712 14 0.235 0.741 020 0.285 0.615
0.50 0.129 0.502 17 0.128 0.530 0.45 0.160 0.446
0.80 0.208 0.746 18 0.227 0.770 0.49 0.525 0.428
0.117 0.520 0.124 0.547 0.292 0.323
0.190 0.779 0.226 0.778 0.660 0.403
0.110 0.538 0.122 0.547 0.350 0.299

Table 2. The results of calculations of the width of the capillary spreading /, and Q the variation /4 and [ for circuits 1 and 2

hy L 0 r L Y
0.158 0.624 0.152 0.336
0.079 0.419 0.106 0.264
0.173 0.637 0.205 0.485
gég 0.089 0.433 8(1)3 0.127 0.364
0.40 0.367 0.696 020 0.255 0.680
0.45 0.217 0.510 030 0.143 0.483
0.50 0.451 0.697 0.40 0.297 0.854
0.257 0.518 0.151 0.582
0.592 0.698 0.370 1.013
0.334 0.521 0.158 0.668
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Figure 3. Depending on the value lk and Q for all channels (1) and
sprinklers (2) from & (a)atconstant 7=1.0, H,=0.1, 4, =03, [=02;
of T (b) with constant £=0.05, H,=0.1, 4 =03, 1=02; of H,
(c) with constant ¢=0.05, 7=1.0, 4 =0.3, [=0.2; of h (d) with
constant £=0.05, T=10, H;=0.1 [=02; of / (e) at constant
£=005 T=10, H,=0.1, h =03

Attention is drawn to the same qualitative dependence of
the width of the capillary spreading of the water /, and the
seepage flow O on the parameters /4, and /: with in-
creasing height of capillary rise of water and the channel
width or radius of irrigators /, and Q the value increases.

The effect of evaporation on the filtration characteristics
can be traced back to the left block of table. 1: The variation
of the parameter & corresponds to the decrease /, of 1.4
times, while O consumption changes by only 12-16%.

The average block table. 1 allows us to determine the na-
ture of the influence of layer thickness T : the shallow ho-
rizon silnopronitsaemogo spreading width of the capillary
water may exceed the height of the capillary vacuum. Thus,
when 7=06 we have [ =0333 and therefore
I, /h, =1.111. With the increase 7" in this ratio becomes
even greater. The presence of the underlying horizon prac-
tically affect the values of /, and Q at T <1.8. At higher
values 7 of the deviation of the values /, and QO does
not exceed 1%.

We have said above is qualitatively the opposite nature of
variation of the unknown quantities, /, and Q by varying
the values of 7'and H,. Sections of the table 1 relating to
the parameter H, indicates that, on the contrary, at rela-
tively large values of the overpressure ratio /, /A, can also
be very significant. For example, when A, =0.3 for
H, =049 we get [, =0.66, to so that the width of the
capillary spreading of the water / exceeds the height of
capillary rise of liquids up to 120%.

However, the greatest influence on /, the capillarity of
the soil has. From table 2 shows that the parameter /,
changes the width of the capillary spreading of the water /,
is increased by 275.4%. In this case, for example, for the
value A, =0.5 we have [ /h =1.19, with increasing &,
values of this ratio increases, with the largest difference is

achieved for values 4, =~ H and may approach 200%.
Thus, the capillarity of the soil increases as the filtration
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rate, and the width of the strip of irrigated soil. In other
words, the capillarity of the soil increases the efficiency of
canals and sprinklers of irrigation systems.

The last block of table 2 makes it possible to analyze the
impact of cross-sectional shape channel power sources,
comparing the results for the channels (scheme 1) and
sprinklers (scheme 2) with the same filter characteristics. A
comparison of these results, as well as from the graphs in
scheme 2, it follows that if sprinklers are the final specifica-
tions /, and Q more than in the case of channels, with the
difference for these values of 1.4-2.2 and 1.3-1.5 times,
respectively.

5. Filtration of the Channels in the
Presence of Water Pressure at the
Base (Scheme 3).

As discussed in section 2 — 4 schemes 1 and 2, underlying
soil layer underlying confined aquifer of high permeability is
an important factor, by which the drainage of the soil can be
carried out not only with free filtering, but also in the pres-
ence of backwater. In those situations where the soil layer is
underlain by an impermeable base, the only way to tap fil-
tered water channel is the evaporation from the free surface
of ground water. In such cases, naturally raises the question
of determining the size of the zone of saturation in the filter
channel.

In fig. 4 shows the pattern of motion of the channel AB in
a layer of soil capacity T, underlain horizontal aquitard FE.
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Figure 4. The flow pattern of the channels with shallow depth of water,
basedat h =04, £¢=04, [=12,T=2.0

Expenditure factor compensating filter of the channel, is
the uniform intensity of evaporation & from the free sur-
face CE. In this scheme, the boundary conditions (1) at sites
AB, BC, CE, and AF persist, and the boundary conditions FE
replaced by the following:

FE: y=-T,y=0. ®)

Assuming the second condition (1) to obtain the CE
x =L region

O=e(L~1-1,). ©)

The last relation expresses the equality of the filtration

E. N. Bereslavskii et al.: Mathematical Modeling of Filtration from Canals and Irrigation Canals

flow channel of the evaporation from the free surface in a
steady filtration. Compared with previous schemes 1 and 2
now, along with the definition of the width of the capillary
spreading of the liquid /, to be finding and also the width of
the spreading of water in water-resistant base L .

As an auxiliary parametric variable, it is convenient to
choose the previous half-strip plane #, but with a different
line of points ¢, =0, ¢, =ia, t, =i0.57, t. =c+i0.57,
t,=.

In this case, the complex velocity field corresponding to
the boundary conditions (1), (8), is a circular pentagon with
the same incision with apex at point D, but with the two
angles at the vertices of E and C, are equal ~(1-v) and
v = Zarctg\/; , respectively (fig. 2, b). Function giving a
conformal mapping of the parametric variable t in the region
W has the form

wez it
h+h
_ (C+tht)" exp(1-v)t (C—tht)" exp(v —1)t (10)
ch'™t ch'™¢ ’

Applying the method of P.Y. Polubarinova-Kochina and
proceeding as above, using the relation (10) we obtain the
dependences

U do o (0K
dt A dt A
A=J(sh’t+ A>)(sh’t + F?)". (11)

Here C=B/+B*-1, a=arcsind ( 0<a<0.57 ),
c=archB (0<c<w), c—the unknown abscissa of the
point C in the plane #[27 29].

To determine the unknown constants of conformal map-
ping of a, b and M in this case is the system of equations

K =Y =

>

c 0.57 0
[@pcdt =, [P ,di=1, sin(0.57v)[Ydt =T, (12)
0 a c

then calculated the required size of the zone of saturation

L= [Xyedt, L=[X,dr, (13)
0 0

and filtration rate Q using the formula (9).

In the limiting case of motion where there is no soil
capillarity, at hy = 0 parameters ¢ = 0, B =1, C = o0 and the
results obtained[16].

In fig. 4 shows the flow pattern of the channel, calculated
with s, =04, £=04, [=12 and T=2.0 (baseline).
In [29, 30] conducted a detailed hydrodynamic analysis of
the effect of all the physical characteristics of the circuit 3 on
the size of the zone of saturation. We shall therefore examine
in more detail by comparing the calculation results obtained
in the simulation of circuits 1 and 3. In table 3 (bottom row
corresponds to figure 3, and the top - a scheme with the base
case h, =04, =04, [=12, T=2.0 and H;=1.0)
the results of numerical calculations of the influence of
physical parameters of the model /, 4 and & and the
size of the width of the capillary spreading of water /, and
filtration rate Q.
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Table 3. The calculation results /, and Q in the variation /, s, mand & for schemes 1 and 3
/ IA 0 h, I, 0 & IA 0

0.183 0.644 0.042 1.007 0.291 1.049
0.158 0.748 0.043 0.888 0.499 0.605
0.206 0.923 0.116 1.104 0.241 1.107
8?2 0.194 0.971 00'215 0.121 0.979 8;(5) 0.274 0.885
1'20 0.211 1.159 0'40 0.211 1.159 0'40 0.211 1.159
1.65 0.216 1.046 0'55 0.216 1.046 0'55 0.210 1.046
2'10 0.212 1.386 0'70 0.335 1.187 0'70 0.191 1.204
’ 0.229 1.077 ’ 0.329 1.097 ’ 0.189 1.158
0.213 1.612 0.501 1.194 0.176 1.244
0.235 1.091 0.459 1.137 0.172 1.243

First of all, attention is drawn to the same qualitative de- AB:y=-H, $=0, BC:x=1, $=0, (14)

pendence on the parameters /, and @ variables, [,
and & : increasing the channel width, the static height of
capillary rise of water, as well as reducing evaporation and
bed thickness lead to higher values /, . An increase in the
size of the zone of saturation by increasing the spreading of
liquid on the water pressure L is related to figure 3 to in-
crease capacity of the soil layer, which is quite natural from a
physical point of view.

The data in table 3 again emphasize the significance of
horizontal absorption of water for both schemes 1 and 3:
when &£=0.1 we have [, /h =125, and this ratio in-
creases with the rate of evaporation & .

Comparison with the results of calculations on the previ-
ously reviewed [22 24] figure 1 shows that if, for small
values of the parameters, s, , € and T and large / ine-
qualities /" <[ (superscript indicates the calculation of
the said schemes 1 and 3), for large values of variable quan-
tities, /#,, & and T and small / contrary /" >/ . The
greatest difference in the results (72%) was observed when
the rate of evaporation.

As for consumption, then clearly that 0" >0® for any
parameter values, /4, , & and T. For small and large values
of the width of the channels / we have, respectively, and
inequality Q" <Q® and 0" >0®.

6. Filtration of Water-Filled Channels in
the Presence of Water Pressure at the
Base (Scheme 4)

Up to now study the motion of the channels with shallow
depth of water. Designed to study the complex analytical
scheme 3 (formula (11) (13)) allows us to consider the
channels that are filled with water, and thereby estimate the
combined effect of the depth of water in canals and evapo-
ration from the free surface of the water table, but in the
absence of capillarity, soil, at 4, =0.

In fig. 5 shows the flow pattern of the AB channel of
rectangular cross section width [ of the water depth H .

In this scheme the boundary conditions (1), (8) in areas AF,
CE and FE are stored, and the conditions on the segments AB
and BC are replaced by these:

where H (0< H <T) - depth of water in the channel.

Taking into account the coincidence of the complex ve-
locity to that of scheme 3 (fig. 2, b) and applying the method
P.Y. Polubarinova-Cochina, arrive at a parametric solution
(11) with the replacement A = \/(sh2t+A2)(sh2t+Bz)”V
[30]. Expressions (12), (13) for the physical parameters of
the model [, T'and L will remain the same, and the first
equation (12) takes the following form:

j Y,.di=H. (15)
0

After finding the unknown constants of conformal map-
ping of a, b and M determine the width of the zone of satu-
ration L is calculated filtration flow rate O by the for-
mula (9), taking into account the fact that in this scheme
[, =0.

In fig. 5 shows the pattern of motion of the channel, cal-
culated in H=0.6, £=035 [=0.6 and T=1.4 (ba-
sic). Hydrodynamic analysis of the effect of all the physical
characteristics of the circuit H ,&,/ and T is given in
[30]. Below focus on comparing the simulation results for
circuits 3 and 4. In table. 4 summarizes the results of calcu-
lations of the influence of physical parameters of the scheme
on the width of the spreading of water in water-resistant base
L and consumption Q.

y 4

L

Figure 5. The flow pattern of channels filled with water, calculated at
H=04, =035 1=06,T=14
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Table 4. The calculation results L and Q in the variation , &, [ and T for scheme 4

H | L o | ¢ L 0

I | L | o | T| L | O

0.17 | 2.400 | 0.630 | 0.10 | 4.854 | 0.425
038 | 2.643 | 0.725 | 022 | 3.411 | 0.618
0.60 | 2.793 | 0.767 | 035 | 2.793 | 0.767
0.81 | 2.881 | 0.798 | 0.47 | 2469 | 0.878
1.02 | 2933 | 0.817 | 0.60 | 2.234 | 0.981

0.17 | 2273 | 0.736 | 0.62 1.653 | 0.369
038 | 2547 | 0.759 | 1.39 | 2.793 | 0.767
0.60 | 2793 | 0.767 | 2.16 | 3.701 1.085
0.81 | 3.013 | 0.771 | 293 | 4.402 | 1.331
1.02 | 3227 | 0.772 | 3.70 | 4.951 1.523

The analysis shows that in both schemes 3 and 4, reducing
evaporation and increasing the capacity of the soil layer and
the width of the channel leading to an increase of the satu-
rated zone. Evaporation continues to have a very significant
impact on the spreading width of the water: according to the
table 4 with decreasing width parameter increases by 2.2
times. As previously in figure 3 the dependence L of the
channel width [ is close to linear, and depending on the
quantities L and O the water level H are qualitatively
similar if we bear in mind that (9).

With regard to flow Q, in both schemes, with an increase
in performance &,/ and 7 consumption increases, with
the largest influence on the reservoir Q has a capacity 7 :
from table 4 shows that the variation of the parameter 7" is
accompanied by an increase of 313%, ie practically the same
as in figure 3.

However, in comparison with the scheme 3 biggest
changes by varying the layer thickness is undergoing now
spreading width of the water: with increasing 7 width L
parameter increased by almost 200%.

The data in table 4 that the parameter H leads to a very
small (in the range of 20-30%) deviations of the width of the
spreading of water L and the seepage flow, so that the
influence of water level in the canals of little practical effect
on the flow pattern.

7. Conclusions

Developed in the computational scheme of filtering
channels and sprinklers of irrigation systems in soils under-
lain silnopronitsaemym confined aquifer or water-resistant
base, allow us to make a comparative assessment of the role
of cross-sectional shape channel power supply and the water
level in it, backwater from the waters of the underlying aq-
uifer or confining layer, soil capillarity and evaporation or
seepage at the free surface of the ground water flow pattern.

In particular, we establish the following:

—compared with the filtration of the sprinklers for irri-
gators width of the capillary spreading of the liquid and the
magnitude of the seepage flow can exceed the corresponding
characteristics of more than 50%;

—the greatest influence on the width of the capillary
spreading of water and filtration rate has capillarity of soil,
which improves the efficiency of canals and irrigation ca-
nals;

—influence the level of water in the channels has practi-
cally no effect on the size of the zone of saturation and value
of the seepage flow.
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