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Abstract  In this paper, the two warehouse inventory problem for deteriorating items with exponentially  increasing time 
demand rate and shortages is considered. Here existing storage is known as own warehouse OW and the other is hired on 
rental basis known as rented warehouse RW. The model allows different levels of item deteriorat ion in both warehouses. 
Here replen ishment rate is fin ite. The stock is transferred from RW to OW in continuous release pattern and the associated 
transportation cost is taken into account. Shortage in OW is allowed and excess demand is backlogged. An attempt is made to 
incorporate the different preservation facilities in own and rented warehouses for deteriorating items with exponentially time 
dependent demand. It is also assume that the preservation facility in  RW is better than OW. For the general model, we give 
the equations for the optimal policy and cost function and we discuss some special case. A numerical example is given to 
illustrate the solution procedure of the model.  
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1. Introduction 
In the busy markets like super market, corporation market, 

municipality market etc., the storage area of items is limited. 
When an attractive price d iscount for bulk purchase is 
available or the cost of procuring goods is higher than the 
other inventory related cost or demand of items is very high 
or there are some problems in frequent procurement, 
management decide to purchase a large amount of items at a 
time. These items cannot be accommodated in the existing 
store house (viz. the Own Warehouse, OW) located at busy 
market p lace. In this situation, for storing the excess items, 
one (sometimes more than one) additional warehouse (viz., 
rented warehouse, RW) is hired on rental basis, which may 
be located little  away  from it. We assume that the rent 
(holding cost for the item) of RW is greater than OW and 
hence the items are stored first in OW and only excess stock 
is stored in RW, which are emptied first by transporting the 
stocks from RW to OW in  a continuous release pattern for 
reducing the holding cost. The demand of items is met up at 
OW only. 

The two warehouse inventory model has been considered 
by various authors in recent years. This type of model was  
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discussed by Hartely,Sarma[2] developed model with fin ite 
production rate, but without shortages Dave[3] discussed the 
inventory models for finite and infinite rate of rep lenishment 
rectify ing the errors for the model g iven by Sarma[2] and 
gave a complete solution, further Goswami and Chaudhuri[4] 
considered the models with or without shortages taking 
linearly increasing time dependent demand correcting and 
modifying the assumptions of Goswami and Chaudhuri [4], 
Bhunia and Maiti(9) analysed the same inventory model and 
graphically presented a sensitivity analysis on the optimal 
average cost and the cycle length for the variations of the 
demand parameters, in all these models only the cases of non 
deteriorating  items were d iscussed. 

In reality, many physical goods deteriorated due to 
dryness, damage, spoilage, vaporisation etc. over t ime during 
their normal storage period. The deterioration also depends 
on preserving facility and environmental conditions 
available in warehouse and hence different warehouse may 
have different deterioration rates. Assuming the deterioration 
in both warehouses, Sarma[2] presented a model with 
infinite replenishment rate and shortage. Also Pakkala and 
Achary[7]developed the two warehouse model for 
deteriorating items with finite replenishment and shortage 
taking time as discrete and continuous variable respectively. 
In all models discussed in these papers, the demand was 
taken as uniform; the scheduling period (cycle length) was 
supposed to be constant and the transportation cost for 
transferring the stocks from RW to OW, was not taken into 
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account. Bhunia and Maiti[9] modified and studied a 
two-warehouse inventory model for deteriorating  items 
considering linearly time-dependent demand and shortages 
(for single period).We have also reviewed the article 
developed by Panda and Sahu[10]and the article Panda, 
Sahoo and Sukla[11] fo r developing idea to preparing this 
manuscript. 

In this paper we have studied a two storage facilities 
inventory model fo r deteriorating items with  the following 
characteristics, Demand is exponentially increasing with 
time shortage are allowed and excess demand over supply is 
backlogged stock is transferred from RW to OW under a 
continuous release pattern and the transportation cost is 
taken into account. The deterioration rates are a constant but 
different in  RW and OW due to p reservation procedures. The 
scheduling period is not taken to be constant but variable. 
Some special cases of the general model are d iscussed. A 
numerical example is given in o rder to illustrate the solution 
to the model. Also, a sensitivity analysis has been performed 
to study the variation of the optimal stock level of RW and 
total cost per unit of t ime in the inventory system with 
respect to some input parameters. 

2. Assumptions and Notations 
The following notations are used in the proposed model: 
R(t)=demand rate which is an exponential function of t ime 

t ( -λe-at , λ, a > 0). 
S = total h ighest stock level at RW and OW at the 

beginning of the cycle. 
T=cycle length, a variable of the system. 
W(<S)=storage capacity of OW fixed. 
L2=identifies an inventory system with two storage 

facilit ies. 
F, H(F>H) = holding costs for items in the RW and OW 

respectively. 
C2=shortage cost per unit of item per unit  of t ime in  

shortage. 
C3=transportation cost per unit of item moved from RW to 

OW. 
A=replenishment cost (ordering cost) per replen ishment 

with different values for L2 system, where A1+A2 for 
L2-system, A2 being the additional replenishment cost due to 
the transportation cost, loading and unloading costs for 
excess items in rented warehouse. 

C=cost of deteriorated unit. 
α, β=deterioration rates in OW and RW respectively , 0< α,  

β<1 
Q0(t), Qr(t)=inventory level in OW and RW  at any instant t 

respectively. 
Q(t) = inventory level at OW during the period of shortage 

accumulat ion. 
To develop the model, the following assumptions are 

imposed: 
(1) Replenishment rate is infin ite. 
(2) Lead time is zero. 

(3) Shortages are allowed and excess demand at OW, if 
any, is backlogged. 

(4) The rented warehouse RW has unlimited capacity. 
(5) The goods of OW are consumed only after consuming 

the goods kept in RW. 
(6) For L2-system, the in itial inventory levels at  RW and 

OW are S-W and W  respectively where S is a  variab le , but 
W is constant. 

3. Model Description and Analysis 
During the interval (0,t1) the inventory S-W in RW 

gradually decrease due to demand and deterioration and it 
vanish at t=t1. In OW, the inventory W decreases during (0,t1) 
due to deterioration only and during (t1, t2) due to both 
demand and deterioration. At t=t1 the inventory in OW 
reaches zero and there after the shortage are allowed to occur 
down during the interval (t2,T). The shortage quantity is 
supplied to customers at the beginning o f the next  cycle. 
Hence, 0<t1<t2<T<∞. Our object is to determine the optimal 
values of t1 and T which min imize the total cost per unit time 
of the inventory system and subsequently to obtain the 
corresponding optimal values of S and the total cost per unit 
time. 

The stock depletion at RW during (0≤ t ≤ t1 )is mainly due 
to demand and partly due to deterioration of the items which 
are disposed continuously as they come to the selling point. 
Therefore, the rate of change of stock at RW  at any instant t 
(due to stock depletion) is equal to the sum of demand and 
deterioration at that time. Hence the inventory level Qr(t) ( as 
figure-1 ) at RW satisfies the differential equations.  

1
( ) ( ) ( ), 0r

r
dQ t R t Q t for t t

dt
= − −β ≤ ≤   (1) 

With the boundary condition that 1( ) 0rQ t = . Due to the 
assumptions made also have 

(0)rQ S W= −               (2) 
During  0≤ t  ≤ t1, as the demand is meet  from RW, the stock 

at OW decreases due to deterioration only. Hence, the rate of 
change of stock at OW at any instant t(0≤ t ≤ t1) is equal to 
the deteriorations at that time. Again the stock depletion at 
OW during t1 ≤ t ≤ t2 is due to demand and deterioration of 
the items. Therefore the inventory level Q0(t) , 

during 0≤ t ≤ t2 ,at OW satisfies the differential equations: 

(3) 

(4) 

Solution of equation (1) is given by 

       (5) 

According to physical consideration imply that Q0(t) is 
continuous at t=t1. 

The solution of equation (3) and (4) are 

0
0 1 0

( ) ( ), 0 , (0)dQ t Q t for t t withQ W
dt

= −α ≤ ≤ =

0
0 1 2 0 2

( ) ( ) ( ), , ( ) 0dQ t Q t R t fort t t withQ t
dt

= −α − ≤ ≤ =
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a
β− ) −β−λ

= −
β −  
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Figure 1.  The inventory situation in RW and OW 

             (6) 

     (7) 

Now using the continuity of 0( )Q t at t=t1, we have 

{ }1 1 2 1( )t at a t tWe e e
a

−α − α− −αλ
= −

α −
    (8) 

Which gives the solution that 

1( )
2

1 ( )log a t w at e
a

α− α − = − α − λ 
      (9) 

From equation (2) we have 

1)1 a tS W e
a

(β−λ  = + − β −
         (10) 

The total amount of deteriorated items in RW and OW are 
respectively 

1
0
t atS W e dt−− − ∫ λ  and 2

1

t at
tW e dt−− ∫ λ  

Hence the total amount of deteriorated items in both RW 
and OW is 

2 2
0 1t atatD S e dt S e

a
−− λ  = − ∫ λ = + −      (11) 

The mean stock level of inventory carried in RW and OW 
multip lied by the time carried are 

given respectively by 

1 1 1( )1 0
1 1( )t at a tr

aG Q t dt e e
a a a

− β−=
 λ −β

∫ = − + β − β β 
 (12) 

And 

1 2 1

12 0 0 0( ) ( ) ( 1)t t t
t

WG Q t dt Q t dt e−α=
−

∫ + ∫ = − +
α

 

1 2 1
2
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at e ee
a a a

−α α− −α
− λ

− + − α − α α   
 (13) 

The total amount of shortage for the entire cycle is  

2 23 ( ) , ( ) ( )T t
t tG Q t dt whereQ t R t dt= ∫ = ∫  

( ){ } 2
22 1 ataTe a T t e

a
−−λ  = + − −       (14) 

The total cost of the system during the interval (0,T) is 
thus given by 

1 2 2 3 3 ( )X A CD FG HG C G C S W= + + + + + −  

{ }1 2( )
1 2 1 ( 1)a t atA A C W e e

a a
β− − λ λ
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( ) 1
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            (15) 

And its total cost per unit time is  

1( , ) XK t T
T

=                (16) 

and t2 is approximately related to t1 through equation (9). 
The optimal values of t1 and T for minimum total cost per 

unit time is any solution of the 
system 

                 (17) 

Which also satisfies the conditions 
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Where the suffix denote the partial derivatives of the 
function with respect to those suffixes. 

Using these optimal values of t1 and T the optimal values 
of S and the minimum average cost 

can be obtained from (10) and (16) respectively 
Equation (17) are equivalent to 

1

0,x
t

xT X
T

∂
=

∂
∂

=
∂

              (18) 

The first part of equation (18) can be written as 
( ) 11

1 1 2 1

1

1

( )

( )
3( ) 0

a tat

t at a t t

a t

x F e e
t

H We e e

e C C

β−−

−α − α− −α

β−

∂ λ  = − ∂ β

       + − + 
      − λ − =

 

The second part of equation (18) can be written as 

22 0at aTTCX e e
a

−λ  − − =   
The system of equations (18) has not a unique solution in  

t1,T so after having all its solutions, we must reject the 

non-admissible ones and check the remaining  in  order to find 
the optimal ti, T values. 

4. Numerical Example 
The developed model is illustrated by the following 

numerical example. 
Let C=2, H=0.5, F=1, C2=4, A1=150, A2=50, 

C3=0.2,W=100 in appropriate units. 
By taking the appropriated expression for t2 in equation 

(9), the optimum values of S and T along with minimum 
average cost and the boundary has been calculated for 
different values of demand parameter λ and a and 
deterioration parameter α and β using proper decision 
procedure and equation (18). Results are shown in Table-1. 

The following table represents the different cost with the 
total cost present in the paper by changing the different 
parameters percentage wise i.e. increased and decreased to 
the original value o f the parameter given in the paper by 
numerical study. 

Table 1.  Optimal Solution Obtained for the Numerical Example 

a λ α β t1 T S Min Cost 
0.07 3.1 0.1 0.05 779269 12.9177 122.369 221.573 
0.07 3.0 0.1 0.05 7.99866 12.2223 122.175 222.226 
0.07 2.9 0.1 0.05 8.21435 11.4914 121.968 223.312 
0.07 2.8 0.1 0.05 8.44054 10.7238 121.748 224.81 

        
0.06 3.1 0.09 0.05 7.79269 11.4001 123.24 115.548 
0.06 3.0 0.09 0.05 7.99866 10.6832 123.061 116.623 
0.06 2.9 0.09 0.05 8.21435 9.93016 122.869 118.166 
0.06 2.8 0.09 0.05 8.44054 9.14103 122.664 120.16 

        
0.07 3.1 0.1 0.04 8.12775 13439 122.359 230.01 
0.07 3.0 0.1 0.04 8.34651 12.7647 122.151 230.133 
0.07 2.9 0.1 0.04 8.57577 12.0549 121.928 132.713 
0.07 2.8 0.1 0.04 8.81638 11.3082 121.691 234.736 

        
0.06 3.1 0.1 0.04 8.12775 11.9266 123.255 125.166 
0.06 3.0 0.1 0.04 8.34651 11.2341 123.061 126.745 
0.06 2.9 0.1 0.04 8.57577 10.5063 122.854 128.819 
0.06 2.8 0.1 0.04 8.81638 9.74255 122.632 131.376 

        
0.07 3.1 0.1 0.06 7.48474 12.4434 122.356 213.701 
0.07 3.0 0.1 0.06 7.67924 11.0162 122.601 166.305 
0.07 2.9 0.1 0.06 7.88279 10.9803 121.982 214.539 
0.07 2.8 0.1 0.06 8.0961 10.1948 121.776 215.549 

        
0.065 3.1 0.095 0.06 7.5809 11.3807 122.689 166.085 
0.065 3.0 0.095 0.06 7.67924 11.0162 122.601 166.305 
0.065 2.9 0.095 0.06 7.88279 10.2605 122.415 167.06 
0.065 2.8 0.095 0.06 8.0961 9.46947 122.216 168.219 
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In the above table we have analyzing the d ifferent 
parameters used in the research paper i.e. by the help of 
numerical study by using the software MATHEMATICA. 
The analysis is based open the sensitivity analysis i.e. we 
have increased and decreased in the original value o f the 
parameters used in the paper and getting the numerical value 
i.e. present in the above table. 

5. Sensitivity Analysis 
We will now study the sensitivity analysis of the optimal 

solution to changes in the values of the d ifferent parameters 
associated with the inventory system in example. The results 
are showing in Table -1. A careful study of sensitivity 
analysis of Table-1 reveals the following points. It is clearly 
seen that from the above table, the changes in parameters a, λ, 
α, β  respectively. We are getting the changes in T, S, and Min 
Cost respectively. Where T=cycle length and S = total 
highest stock level at  RW and OW at  the beginning of the 
cycle. 

6. Conclusions 
In this paper, an attempt is made to incorporate the 

different preservation facilities in own and rented 
warehouses for deteriorat ing items with exponentially time 
dependent demand. It is also assume that the preservation 
facility in RW is better than OW. 

As the rate of demand is assumed to be time dependent so 
the entire cycle over the first period cannot repeat after the 
cycle length T. It can be subsequently repeated with the 
changed value of the constant ‘λ’ and ‘a’ computed by the 
demand function. (where T associated value of the  previous 
period) 

As the demand for the food grains increases with time, the 
present model is applicable for food grains like paddy, wheat 
etc. It is also applicable to other items whose demand is 
dependent exponentially with time. The proposed model 
assumes that the selling price and advertising level is 
reflected in the constant terms λ and a of the demand. As 

these are under the decision maker’s control the development 
of a more general inventory model, exp licit ly incorporating 
these variables, would then be appropriate.  
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