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Abstract  In this paper, modifiable risk factors (hypertension and diabetes) of Coronary Artery  Bypass Graft  Surgery 
(CABG) patients are considered. The objective is to analyse survivor’s proportions of CABG patients in the considered risk 
factors, in complete and incomplete Populations, using suitable survival models. A new approach of complete population 
from its incomplete population of CABG patients of 12 years observations is used for the survival analysis. In the complete 
population, censored patients are proportionally included into the known survived and died patients respectively. The 
availability of a complete population may represent better behaviour of lifetimes / survival proportions for medical research. 
Survival p roportions of the CABG patients of complete and incomplete populations, with respect to the risk factors 
(hypertension and diabetes) are obtained from suitable, lifet ime representing models (Weibull and Exponential). Maximum 
likelihood method, in -conjunction with Davidon-Fletcher-Powell (DFP) optimization method and Cubic Interpolation 
method is used in estimation of survivor’s proportions from the parametric models. 

Keywords  CABG Patients, Complete & Incomplete Populations, Modifiab le Risk Factors, Parametric survival models 
(Weibull and Exponential), Maximum likelihood method, Davidon-Fletcher-Powell optimization method and Survivor’s 
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1. Introduction 
The Corona ry  Arte ry  D is eas e ( CA D)  is  due to 

accumulat ion of cholesterol and other material, called plaque, 
within inner walls of the coronary arteries (the arteries that 
supply blood with oxygen and nutrients to heart muscles). As 
this build -up grows (Arteriosclerosis), comparatively less 
blood can flow through the arteries. Over the time (which 
differs from individual to indiv idual) heart weakens. This 
leads to  chest  pain  (Angina) which  is  a  symptom of 
Myocard ial In farct ion  (MI). When  the clot  (thrombus) 
completely cuts off the hearts blood supply, this may leads to 
permanent heart damage, called as heart attack (MI). Heart 
failure means the heart cannot pump required  blood to the 
rest of the body[10]. CAD is the lead ing cause o f death 
worldwide (see W illiam, Stephen , Van  -Thomas  and 
Robert )[36], John[18], Hansson[13], Axel, Yiwen, Dalit, 
Veena, Elaine, Cat ia, Matthew, Jonathan, Edward & Len[3] 
and  Sun  & Hoong[33] ). The symptoms  and  s igns  o f  

 
* Corresponding author: 
colsaleem_2009@yahoo.com (M. Saleem) 
Published online at http://journal.sapub.org/ajms 
Copyright © 2012 Scientific & Academic Publishing. All Rights Reserved 

coronary artery disease are noted in  the advanced stage of the 
disease. Initially, most of the individuals with CAD show no 
evidence of disease, whereas the disease progresses before 
the first onset of symptoms and often there is a sudden heart 
attack. The CAD is the most common cause of sudden death 
of men and women over 20 years of age[30]. The medical 
scientists; William, Ellis, Josef, Ralph and Robert [36], 
Heymann[15], Goldstein, Adams, Alberts, Appel, Brass, 
Bushnell, Culebras, DeGraba, Gorelick & Guyton[11] and 
Jennifer[17] are of the opinion that CABG is an effective 
treatment option for CAD patients. The medical research 
organizations like Heart and Stroke Foundation Canada[14] 
and American Heart  Association[2] have classified risk 
factors of CABG patients as modifiable and non-modifiable. 
Modifiable risk factors are those factors, which may be 
controlled by changing life style or taking medications to 
reduce cardiovascular risk. These risk factors include high 
blood pressure (hypertension), diabetes, smoking, high 
cholesterol, sedentary lifestyle and obesity. Non-modifiab le 
risk factors are those factors, which may not be changed. 
These factors include age, gender and family h istory 
(Genetic predisposition). William, Ellis, Josef, Ralph and 
Robert[35] in 1995 carried out the survival study on 
incomplete population (progressive censoring of type 1) of 



121 American Journal of Mathematics and Statistics 2012, 2(5): 120-128  
 

 

CABG patients comprising 2011 patients using Kaplan 
Meier method[19]. The patients were grouped with respect 
to Male, Female, Age, Hypertension, Diabetes, and Ejection 
Fraction, Vessels, Congestive Heart Failure, Elective and 
Emergency Surgery. The patients were undergone through a 
first re-operation at Emory University hospitals from 1975 to 
1993. This study also comprises the same data set of 2011 
patients. The details of patients are given in the article[35].  

In this paper we present survival analysis of the CABG 
patients with respect to some modifiab le risk factors, 
Hypertension & Diabetes, in  complete and incomplete 
Populations. Khan, Saleem and Mahmud in the article[21] 
proposed a procedure, to make an incomplete population (IP) 
a complete population (CP). The differences between the 
means of survival proportions of the CABG patients, 
obtained by using survival models (Weibull, Exponential etc) 
are statistically insignificant at 5% level of significance for 
details see the article[21]. 

The importance of parametric models for analysis of 
lifetime date has been indicated by Mann, Schefer and 
Singpurwala[28], Nelson[29], Cyrus[8], Lawless[25], Klein 
& Moeschberger[22] and Sridhar and Mun Choon Chan[32]. 
The Exponential distribution model has been used by Lee, 
Kim and  Jung[27] in medical research for survival data of 
patients. The Weibull distribution model has been used for 
survival analysis by Cohen[6], Gross and Clark[12], 
Bunday[5], Crow[7], Klein & Moeschberger[22], 
Lawrencce[26], Abrenthy[1], Hisada & Arizino[16], 
Lawless[25], David & Mitchel[9] and Lang[23]. In part icular, 
the survival study of chronic d iseases, such as AIDS and 
Cancer, has been carried out by Bain and Englehardt[4], 
Khan & Mahmud[20], Klein & Moeschberger[22], 
Lawless[25] and Swaminathan and Brenner[34] using 
Exponential and Weibull distributions. Lanju & William[24] 
used Weibull distribution to human survival data of patients 
with plas ma cell and in response-adaptive randomization for 
survival trials respectively. Lee, Kim and Jung[27] used the 
exponential in medical research for survival data of the 
patients. Khan, Saleem and Mohmud[21] concluded that the 
survival data of the CABG patients has been best modeled by 
the Weibull and Exponential distributions. In  this paper, the 
survivor proportions of the CABG patients are obtained for 
incomplete and complete populations of the CABG patients 
by parametric models (Weibull and Exponential), using data 
of CABG patients Hypertension and Diabetes.  Maximum 
likelihood method, in-conjunction with DFP optimization 
method and Cubic Interpolation method is used. A 
subroutine for maximizing log-likelihood function of each 
model is developed in FORTRAN program to obtain the 
estimates of the parameters of the model. The survival 
proportions of IP and CP of the CABG patients with respect 
to modifiab le risk factors are presented in term of statistics 
and graphs (survival curves), discussed and concluded. 

2. Methodology  

Khan, Saleem and Mahmud mentioned that the method 
proposed by Kaplan Meier[19] and latter discussed by 
William[35] in 1995 and Lawless[25] is: 

:
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survived, jn  and died individual’s jd  respectively 
makes the population complete. Thus the survival analysis 
may be performed on the complete population )(CP  also. 
Saleem, Mahmud and Khan[31] mentioned the form of 
likelihood function proposed by Klein & Moeschberger[22] 
and Lawless[25], for a survival model, in the presence of 
censored data. The maximum likelihood method works by 
developing a likelihood function based on the available data 
and finding the estimates of parameters of a probability 
distribution that maximizes the likelihood function. This 
may  be achieved by using iterative method: see Bunday & 
Al-Mutwali[5] and Khan & Mahmud[20] The likelihood 
function for all observed died and censored individuals is of 

the form: [ ] [ ]
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parametric model with survivor function, ( ; )S t q  & hazard 

function, ( ; )h t q  and q  is vector of parameters say

( , )q a b=  of the model . To obtain maximum likelihood 
estimates of parameters of a parametric model using DFP 
optimization method, we take negative log on both the sides 
of above equation and therefore by setting ln( ( ; ))l L t q= - , 
we get: 
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(As ( ; ) ( ; ) ( ; )i i if t h t S tq q q= ) 
Where, the first sum is for failure and the second sum is 

for all censored individuals. 
Setting ( )

i i it t tN f c= + , where 
it

N  represents total no 

of indiv iduals at time it  we get: 
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In this study time is partitioned into intervals, which are of 
unit length t starting from zero. Moreover, failures and 
censoring of the patients occur in each interval i of equal 
length of time t, 1, 2,...,12.i =  

For complete population the term for censored 
observations is dropped from the likelihood function.  

3. Application  
Khan, Saleem and Mahmud[21] presented detail 

application of above methodology for parametric model 
(Weibull distribution). Same procedure is fo llowed for 
second parametric model (Exponential  distribution with b 
=1) considered in this article. The methodology is 
reproduced here. The probability density function (pdf) of 
Weibull d istribution is:  
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where q  is vector of parameters a and b ; a is a scale 
parameter and b is a shape parameter; a ,b  and t > 0.  
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For incomplete population replacing values of the survival 
and hazard functions of Weibull distribution in equation (1), 
we get  
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By using (2), (3) and (4) in the DFP optimization method, 
we find the parameters estimates for which value of the 
likelihood function is maximum. For complete population 
we drop the term for censored observations from likelihood 
function. Same procedure is followed for Exponential model. 
FORTRAN program for the parameters estimat ion of both 
the models is developed. The optimal estimates of the scale 
and shape / location parameters (a and b  respectively) of 
Weibull and Exponential distributions distribution using CP 
of groups: Hypertension (Absent & Present), Diabetes 
(Absent & Present) are obtained by maximizing the 
log-likelihood function. The t-ratios of the parameters are 
given in parenthesis. The values of parameters estimates, 
t-ratios, log-likelihood function and variance–covariance 
matrix are given below: - 

4. Weibull and Exponential 
Distributions using Data of 
Modifiable Risk Factors 

4.1. Hypertension Absent (HYa) and Present (HYp) 
Groups (Male and Female CABG Patients) 

The survival proportions ˆty  and ty%  of CP  and IP  

respectively of aHY and pHY  groups of CABG patients 
are obtained using Weibull and exponential distributions as 
explained earlier. The optimal estimates of parameters 
obtained by maximizing the log-likelihood function are 
given below in tables 1 and 2. 

The estimated values of scale parameter a > 0 and shape 
parameter > 0 for CP and IP of  and groups 
of CABG patients are g iven in  the tables 1 and 2 along with 
t-ratios in the parenthesis, indicating that the estimates of 
scale and shape parameters are significant at 5% level of 
significance. In case of weibull distribution the estimated 
value of  is greater than 1 (for CP and IP  of the  

and groups) which indicates increasing failure rate 

b aHY pHY

b aHY

pHY
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with time. The negative values of co-variances (for CP and 
IP of  and  groups of CABG pat ients) indicates  

that the movements of  and  are in the opposite 
directions. 

 
Figure 1.  Weibull Distribution 

 
Figure 2.  Weibull Distribution 

 
Figure 3.  Exponential Distribution 

 
Figure 4.  Exponential Distribution 

The values of estimated survival proportions of CP and IP 
of and  groups of CABG patients are g iven in  
table 3- and corresponding graphs (survival curves) in fig 1 
to 4. 

Table 1.  Estimates of Parameters of Weibull Distribution Using Data of CP and IP of HYa and HYp Groups of CABG patients 

Parameters 
 

aHY Group PHY  Group 

CP IP CP IP 

Estimates/ 
(t-ratio) Gradients Estimates/ 

(t-ratio) Gradients Estimates/ 
(t-ratio) Gradients Estimates/ 

(t-ratio) Gradients 

a  19.476 
(19.92) 

102.48 10-´  17.766 
(11.13) 

91.39 10-´  11.659 
(31.73) 

91.21 10-- ´  12.188 
(14.18) 

81.15 10-´  

b  1.142 
(22.14) 

106.22 10-- ´  
1.150 

(16.94) 
82.98 10-´  

1.316 
(26.81) 

87.1 10-- ´  
1.191 

(18.78) 
88.49 10-´  

Log-Likelihood 1743.991 819.2172 2054.818 871.8191 

Variance–Covariance 
Matrix 

20.956 -2.74 10
2 3-2.74 10 2.66 10

-´
- -´ ´

æ ö
ç ÷
ç ÷
è ø

 22.547 -7.95 10
2 3-7.95 10 4.61 10

-´
- -´ ´

æ ö
ç ÷
ç ÷
è ø

 30.135 -2.93 10
3 3-2.93 10 2.41 10

-´
- -´ ´

æ ö
ç ÷
ç ÷
è ø

 20.739 -3.48 10
2 3-3.48 10 4.02 10

-´
- -´ ´

æ ö
ç ÷
ç ÷
è ø

 

 

aHY pHY

â b̂
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Table 2.  Estimates of Parameter of Exponential Distribution Using Data of CP and IP of aHY and pHY Groups of CABG Patients 

Parameter 
 

aHY Group PHY  Group 

CP IP CP IP 
Estimates/ 

(t-ratio) Gradients Estimates/ 
(t-ratio) Gradients Estimates/ 

(t-ratio) Gradients Estimates/ 
(t-ratio) Gradients 

 

a  

2
4.71 10

-
´  

(6.31) 

7
2.09 10

-
´  

 

24.74 10-´  

(4.03) 

7
1.85 10

-
´  

28.15 10-´  

(5.37) 

8
8.81 10

-
- ´  

 

26.93 10-´  

(3.61) 

72.17 10-´  

 
Log-Likelihood 1748.113 821.846 1465.947 876.7729 

Variance 59.26 10-´  
42.22 10-´  41.46 10-´  43.02 10-´  

Table 3.  Survival proportions ˆty  and ty%  of CP and IP respectively of Hypertension Absent ( aHY ) and Present ( pHY ) Groups of CABG Patients 

from Weibull and Exponential Distributions 

 Weibull Distribution Exponential Distribution 

 aHY  pHY
 aHY  pHY

 

Years (t) ˆty
 ty%

 
ˆty

 ty%
 

ˆty
 ty%

 
ˆty

 ty%
 

0 1 1 1 1 1 1 1 1 
1 0.966 0.964 0.961 0.95 0.954 0.953 0.921 0.933 
2 0.928 0.922 0.906 0.89 0.910 0.909 0.849 0.870 
3 0.888 0.879 0.845 0.828 0.868 0.867 0.783 0.812 
4 0.848 0.835 0.783 0.767 0.828 0.827 0.721 0.757 
5 0.809 0.792 0.720 0.708 0.790 0.788 0.665 0.707 
6 0.770 0.751 0.659 0.651 0.753 0.752 0.613 0.659 
7 0.732 0.71 0.600 0.597 0.719 0.717 0.565 0.615 
8 0.696 0.671 0.543 0.546 0.686 0.684 0.520 0.574 
9 0.660 0.633 0.491 0.498 0.654 0.652 0.480 0.535 

10 0.626 0.597 0.441 0.454 0.624 0.622 0.442 0.499 
11 0.594 0.562 0.396 0.413 0.595 0.593 0.407 0.466 
12 0.562 0.529 0.354 0.375 0.568 0.566 0.375 0.435 

 

4.1.1. Discussion 

The graphs in fig 1& 2 of survival proportions obtained by 
using Weibull distribution of CP and IP for aHY  and 

pHY  groups of CABG patients shows that for aHY group, 
the difference between the survival proportions of CP and IP 
is small at the start, continuously but slowly increasing, 
whereas the survival proportions of IP are lower than those 
of CP and for pHY  group, the survival proportion of IP are 
slightly lower at the start, almost equal from 6th to 9th year 
values and slightly higher at the end then those of CP . 

The graphs in fig 3& 4 of survival proportions obtained by 
using exponential distribution of CP and IP for aHY  and 

pHY  groups of CABG patients shows that when there is no 
hypertension, the difference is almost ignorable and when 

pHY , the difference between the survival proportions of CP 

and IP is continuously but slowly increasing, whereas the 
survival proportions of CP are lower than those of IP.  

The differences between the means Cm and Im  of 
survival proportions obtained by using Weibull and 
exponential distributions respectively of CP and IP 
respectively, for aHY  and pHY groups of CABG pat ients 

are tested using t-statistic under the null hypothesis oH :
I Cm =m , against an alternative hypothesis 1H : I C>m m . 

The values of t-statistic of aHY  and pHY groups are 
-0.344 & -0.023 and 0.031& 0.622 (by weibull and 
exponential distributions respectively)  when compared 
with 0.05(11) 1.796t = , suggest that oH  is accepted which 
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means that the differences between the means of CP  and IP  
of aHY  and pHY  groups of CABG patients, are 
statistically insignificant at 5% level o f significance.  

4.1.2. Conclusion 1 

The differences between the means of survival proportions 
(obtained by using Weibull and exponential distributions) of 
CP and IP of aHY  and pHY  groups of CABG patients 
are statistically insignificant at 5% level of significance. This 
implies valid ity of using our new approach of formulation of 
complete population. Moreover, survival proportions of 

pHY  are lower than those of aHY , as observed by world 
over med ical scientists.  

4.2. Diabetes Absent ( aD ) and Present ( pD ) Groups 

(Male and Female CABG Patients) 

The survival proportions ˆty  and  ty%  of CP and IP 

respectively of aD and pD  groups of CABG patients are 

obtained using Weibull Weibull and exponential 
distributions as explained earlier. The optimal estimates of 
parameters obtained by maximizing the log-likelihood 
function are given below in tables 4 and 5. 

The estimated values of scale parameter a > 0 and shape 
parameter > 0 fo r CP and IP of  and groups of 

CABG pat ients are given in  the tables 4 & 5 along with 
t-ratios in the parenthesis, indicating that the estimates of 
scale and shape parameters are significant at 5% level of 
significance. In case of Weibull Distribution the estimated 
value of  is greater than 1 (for CP and IP of the  and 

groups) which  indicates increasing failure rate with time. 

The negative values of co-variances (for CP and IP of  

and  groups of CABG patients) indicates that the 

movements of  and  are in the opposite directions. 

Table 4.  Estimates of Parameters of Weibull Distribution Using Data of CP and IP of aD and pD  Groups of CABG Patients 

Parameters 
 

aD Group pD  Group 

CP IP CP IP 
Estimates/ 
(t-ratio) Gradients Estimates/ 

(t-ratio) Gradients Estimates/ 
(t-ratio) Gradients Estimates/ 

(t-ratio) Gradients 

a  18.149 
(26.01) 2.48 10-- ´  

16.881 
(796.66) 2.17 10-- ´  

9.736 
(24.57) 

103.28 10-´  10.205 
(8.37) 

61.37 10-- ´  

b  1.154 
(27.83) 1.36 10-- ´  

1.141 
(292.66) -6.86E-06 1.380 

(20.07) 
83.91 10-- ´  1.249 

(22.96) 
068.1 10-- ´  

Log-Likelihood 2688.629 1231.826 1023.245 450.3934 
Variance–Covar

iance 
Matrix 

20.487 -1.45 10
2 3-1.45 10 1.72 10

-´
- -´ ´

æ ö
ç ÷
ç ÷
è ø

 21.487 -4.81 10
2 3-4.81 10 2.96 10

-´
- -´ ´

æ ö
ç ÷
ç ÷
è ø

 40.157 1.01 10
4 31.01 10 4.72 10

-´
- -´ ´

æ ö
ç ÷
ç ÷
è ø

 20.74 -4.26 10
2 3-4.26 10 7.90 10

-´
- -´ ´

æ ö
ç ÷
ç ÷
è ø

 

 

Table 5.  Estimates of Parameter of Exponential Distribution Using Data of CP and IP of aD and pD  Groups of CABG Patients 

Parameter 
 

aD Group pD  Group 

CP IP CP IP 
Estimates/ 
(t-ratio) Gradients Estimates/ 

(t-ratio) Gradients Estimates/ 
(t-ratio) Gradients Estimates/ 

(t-ratio) Gradients 

a  
2

5.07 10
-

´  

(4.89) 

7
1.36 10

-
´  

25.05 10-´  

(3.18) 

7
3.53 10

-
´  

0.1016  
(6.74) 

79.42 10-- ´  
28.22 10-´  

(3.99) 

71.51 10-´  

Log-Likelihood 2696.202 1235.46 1041.88 454.7762 

Variance 56.45 10-´  41.57 10-´  43.58 10-´  46.76 10-´  

 

b aD pD

b aD

pD

aD

pD

â b̂
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The estimated survival proportions of CP and IP of 

and groups of CABG patients are given in table 6 and 
corresponding graphs (survival curves) in fig 5 to 8. 

 
Figure 5.  Weibull Distribution 

 

Figure 6.  Weibull Distribution 

 
Figure 7.  Exponential Distribution 

 
Figure 8.  Exponential Distribution 

Table 6.  Survival Proportions ˆty  and ty%  of CP and IP respectively of Diabetes Absent ( aD ) and Present ( pD ) Groups of CABG Patients from 

Weibull and  

 Weibull  Distribution Exponential Distribution 

 aD  pD
 aD  pD

 

Years (t) ˆty
 ty%

 
ˆty

 ty%
 

ˆty
 ty%

 
ˆty

 ty%
 

0 1 1 1 1 1 1 1 1 
1 0.965 0.961 0.957 0.947 0.950 0.950 0.903 0.921 
2 0.924 0.916 0.893 0.878 0.903 0.903 0.816 0.848 
3 0.882 0.87 0.821 0.805 0.859 0.859 0.737 0.781 
4 0.839 0.824 0.746 0.733 0.816 0.817 0.666 0.719 
5 0.797 0.779 0.671 0.664 0.776 0.776 0.601 0.662 
6 0.756 0.736 0.598 0.597 0.737 0.738 0.543 0.610 
7 0.716 0.694 0.530 0.536 0.701 0.702 0.491 0.562 
8 0.678 0.653 0.466 0.478 0.666 0.667 0.443 0.518 
9 0.640 0.614 0.407 0.425 0.633 0.634 0.400 0.477 

10 0.605 0.577 0.354 0.377 0.602 0.603 0.362 0.439 
11 0.570 0.542 0.306 0.334 0.572 0.573 0.327 0.404 
12 0.537 0.508 0.263 0.294 0.544 0.545 0.295 0.372 

 

aD

pD
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4.2.1. Exponential Distributions 

Discussion  
The graphs in fig 5& 6  of survival proportions obtained 

by using Weibull distribution of CP and IP for aD  and 

pD  groups of CABG patients shows that for aD  group, the 
difference between the survival proportions of CP  and IP  is 
small at the start, continuously but slowly increasing, 
whereas most of the survival proportions of IP are lower than 
those of CP and for pD  group, the survival proportions of 
IP are slightly lower at the start, almost equal from 6th to 7th 
year values and slightly higher at the end than those of CP. 

The graphs in fig 7& 8 of survival proportions obtained by 
using exponential d istribution of CP and IP, for aD  and 

pD  groups of CABG patients shows that when there is no 

diabetes, the difference is almost ignorable and when pD , 
the difference between the survival proportions of CP and IP 
is continuously but slowly increasing, whereas the survival 
proportions of CP are lower than those of IP.  

The differences between the means Cm and Im of 
survival proportions (obtained by using Weibull and 
distributions respectively) of CP  and IP respectively of aD  

and pD  groups of CABG patients, are tested using 

t-statistic under the null hypothesis oH : I Cm =m , against an 

alternative hypothesis 1H : I C>m m . The values of 

t-statistic of aD  and pD  groups are -0.329 & -0.050 and 
0.012 & 0.786 (by weibull and exponential distributions 
respectively) when compared with 0.05(11) 1.796t = , 

suggest that oH  is accepted which means that the 
differences between the means of CP and IP  of CABG 
patients groups of aD  and pD , are statistically 
insignificant at 5% level of significance.  

4.2.2. Conclusion 2 
The differences between the means of survival proportions 

(obtained by using Weibull and exponential distributions) of 
CP and IP of aD  and pD  groups of CABG patients are 
statistically insignificant at 5% level of significance. This 
implies validity  of our new approach of complete population. 
Moreover, survival proportions of pD  are lower than those 

of aD , as observed by all medical scientists. 

5. Final Conclusions  
Summing up the conclusions 1 and 2, finally, as a whole 

the differences between the means of survival proportions 
(obtained by using Weibull distribution and exponential 

distributions) of CP and IP of CABG patients groups 
(hyp ert ension  a nd diab etes)  a re  stat i st ical ly insigni fic ant  at  5 %
level of significance. This implies complete population from 
its incomplete population as proposed in our article[21] may 
be used for better medical investigations. The survival 
proportions of pHY  and pD  are lower than those of 

aHY and aD respectively, whereas survival proportions of 

pD  are comparatively lowest, as observed by world over 
medical scientists. Thus, the CABG patient’s data has been 
adequately modeled by both distributions (Weibull and 
exponential).  

Moreover, forecasting of the survival proportions of the 
CABG patients is also possible by Bayesian analysis 
(Kalman Filter approach) as advocated by Meinhold and 
Singpurwalla in 1983 in an American journal.  
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